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DI'TERENTIAL CALCULUS -1

1.1] Successive Differentiation
IHI Introduction

As we all know, the meaning of the word ‘successive’ is one after another or again and
again. This topic deals with differentiation of a given function of a single variable
again and again.

. ll?_l Successive €l [tzher order) Derivalives

If y=f(x}) we know that (—;}i = f"(x} is called as the derivative of y w.r.t x.

As we have the objective of differentiating again and again this shall be called as the
first derivative of y w.r.t x. Symbolically we write it as

di , d
y‘.l ZE‘){=D‘I} :f (I), where D‘—_-E;

The derivative of the first derivative is called as the second derivative of Y wrx,
. d ({d , ,
e n= 2 (%o -l

2 : 2
%—}2’[ = Dzy = f”(x), where D? = i
X

d¢

So, in general the derivative of the (n -1 )rh derivative of y w.rt x iscalled as the
th
i

or Yy

derivative of y w.r.t x. Symbolically

A
a (an71y) ] P
Yo = 2 ] *—,:fi |=D(D" 1y) = {f“* D(x)
X L dy J
R _dnH_ oo _ gn) n_fﬂ th . .
Thusy, = i D"y =f""(x) where D" = p ;- represents the ™ derivative
X
of y wrt x. y, y,... arerespectively called as the derivatives of order one, two,

-.ete. y = f(x}) is equivalent to y, = 19 (x) and this can be regarded as the
derivative of order zero.
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If an expression represents the ntt derivative of a function obviously it must give first
derivative, second derivative ... correspondingto n = 1, 2, ....Now the question

is, can we find the n' derivative of any function? The answer is no. The answer for
this question is yes if only we are able to notice a sequenti! change from one denvative
to the other. Suppose we have numbers 1, 4, 9, 16,.. . and try to guess the n't
term, it is possible if only we re-write them as 12, 22, 32, 4% ... . sothat the nth term
of the sequence is n?, Similarly the numbers 1,2, 6, 24, 120, . . . should be put in the

form 1!, 2!, 3!, 4!, 5!, ... so that the n'" term of the sequence is n!. So we should
have a sequence or create a sequence (by alternative representation) from one derivative

to the succeeding derivative for deriving the n'" Gerivativeof a given function which
definitely gives first, second, third, ... derivatives of the given function
correspondingto n =1, 2, 3....

We shall now proceed to derive the #" derivatives of some standard functions.

n”’ derivatives of some standard functions

1' y = Cﬂx
_ay - oax _d ax ., _ . ax 2 ax
yl—ﬂ—ae,yz—ﬁ(fw)—avr.z 0 e
2 ax 3 ax
= —(a¥ )y =a¢
Y3 = dx )
(We should notice the sequertce a = a' in ¥ a® in Yo a in Yy... with the term ¢

fixed)
Thus |y = D" (™) = a" &

2. y = ﬂ]}l X

Qi
We know that dx(a )

I

a* log a

d

; d
y, = a;(amx) = aloga - o5 (mx} = mloga-a™*
d . my - x|
y, = mloga - H_x(n y = mloga imloga-a
ie., y, = (mloga )’ a™
y, = (mloga ) @™ and 50 on

il

Thus |y D" (d"%) = (mloga)' d™
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Aliter
We know that 4 = ¢°8% - y ="t = (l,loga)mx = (¢ loga )
te, y=¢ ¥ where b= m loga

Hence y = b" et Tby result (1))

Thus D" (d"*)y = {mloga)" 4"~

Loy =fav+e )"

where m is a positive integer and m > n

Yy = m(ax+b)m_] - a
Y, = m(m—-1)(ax+b)" 2. 2
Yy =m(m=1)(m=-2)(ax+b)" 373 .

(It may be noticed that the factors of m is being accumulated according to the order of the
derivative. Further the ending factoris m = (m -0 ) inrespect of Y. (m=—1) inrespect

of ¥, (m=2) in respect of Yy ete. Obviously it must be [m—(n—1)] in respect of
Yn!

Thus |y, =m(m-1)(m-2)...[m-(n-1)](ax+b)" "4

1 ..
ax+b

4. y =
Letuswrite y = (ax+b) !

—1(ax+b) %0 = (-1 (ax+b) 2. g

¥
Y= (L2 e by df = (=12 (ax+b) P 22
Y3 = (1) (=2)(=3)(ax+b) % = (=130 (ax+ by 43

(=1 al(ax+by P

pri 1 | _ (=1)"nla"
ax+b (ﬂ,t'-i-b)”+1

=
1

Thus y
=1

It
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5. y = loglax+1)
1

_ -1
P zalax+h)

Vi =
¥, = a(—l)(ax+b)_2 ca = a2(—1)11!(;1_\‘+b)_2
A(-1)(~-2)(ax+bY > a=a (-1 2(ax+b) 3

¥
Similarly y, = ﬁ'4(—1 }3 3 (;:z)r+b)“1
{It must be noticed that the expression for y, can be written as al (-1 }U Ol{ax+b)y 1
SI1CE (-1)0 =1 = 0L With this it is convenient tc notice the sequence in R.H.S

corresponding 10 Yy, Yo, Yoo Ygr - )

v, = A (-1 (n~1)(ax+b)"

(-1 Y(n-1)1a"
(ax+b)"

Thus D*[log (ax+b)] =

Y

. y = sin(axv+ )
Y, =cos{ax+b) - a
oy o 2. 3 . 4. .
[The successive derivatives will be —a“sin{ax+b), —a" cos{ax+b), a sin{ax+b)
and soon. [t is not possible to create a sequence in this manner. Hence we need toput y, similar

to y by using the trigonometric allied angle formula that cos 8 = sin(n/2+0)]

Thus Yy, = asi.n‘:%+ax+b}

0

2

O L n
or y, = a sm[§+[—2~+ax+b”

nzsin(z . E+ax+b}

Now 1y, acos[ﬂ+ax+b} -

=
+a
It

2

Similarly y, = n3sin(3 : g+ax+bJ

Thus |y = D"[sin(ax+b)] = a"sin(ﬂg+ax+b]
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Y=cos(av+D)

¥y = —asin(ax+b). But ~sing = cos(m/2+9)
i
];lzncos{§+ax+hJ
3 . ki
Y, = —a sm[-2—+ax+b}
ic i, = a° '{E+(E+i + b
Y, = co::Lz \2 ax
yzzazcos[2<~;‘+ax+b}

Similarly Yy = a cos {3 . % +ax+b J

it

Thus |y,

D"[cos(ax+b)} = a”cos(n’%+ax+b}

8. o= e sin( by 4oy
v, = ¢ bcos(bx+c)+ae™sin (bx+v0),
by applying product rule.
ie., ¥y = @ [beos(bx+c)+asin(bx+c)]
{The number of terms in the successive derivatives which is 2 in 3 witl become 4 in Yo 81
Yy etc if we proceed as it is. We have to plan to put Yy, similar to the form of y. This is

possible by a special substitution)

Let us take the substitution ¢ = rcos 0, b=rsind asitis possible to express the
newly introduced variables » and 8 interms of 2 and b by simple elimination.

Squaring and adding we get b=t (cos® 8 +sin® 6 ) =2

Dividing we get b/a = tan®

Hence r = Va2 + b2 and O = tan~ ! (b/a)

We shall use the substitution for the constants @ and b present in the R,H_.S of v,
at only two places so that we can simplify. Thus

y, = e‘”[rsinﬁcos(b:(+c)+rc0595in(bx+c)}

ré®sin (0 +bx +¢), where we have used the formula

)
s

—_
i
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sinA cos B+ cosA sinB = sin(A+B)

(It can be seen that y, has assumed a form similar fo that of v.)
Differentiating again and simplifying as before we can obiain,

Yy = PP sin (20 +bx+0).

2 Flsin(30+bx+0)

]

Similarly Vs

Thus ¥, = e sin(nB+bx+c),

where 7 = Va*+b* and 8 = tan ! {bra)

Thus § pn [ sin(bx+c)] = (NE+ 1 ) e sin[ntan” 1 (b/a)+bx+c)
9. y = ¢ cos(by+c)

y, =& —bsin(bx+c)+aé cos(bx+c) by product rule.
ie., v = [acos(bx+c)—bsin(bx+c)]

Letusput @ = rcos®,and b = rsin®.
a2+ b =1 and tan® = b/a
ie., r=Va2+1* and 0 = tan” ! (b/a)

Now, y, =& [rcos Beos(bx+c)—rsinBsin(bx+c)]

it

it

ic., y, = re™cos (8+bx+c) where wehave used the formula

cos AcosB-sinAsinB = cos(A+B)
Differentiating again and simplifying as before,

2

y, = 7 ¢ cos (204 bx+c),

Similarly y, = P o™ cos (30+bx+c).

Thus y, = /"¢ cos (nO+bx+c)

where r = ¥a?+4* and 0 = tan” ! (b/a).
Thus

D' [ cos(bxtc)) = (V@ +17 ) e cos[ntan” ' (Wa)+bx+c)
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The formulae list of n*

y=f(x)
Ey i
:'_F_, ';H-:I'X o

EFy (ax+b ST

EL 1

x4 b
I FSI . !ng-(a X+b )
: -‘; sin(ax}'b)
F;- cos { axe ET} N
Fg  o"sin(br+o )

Fo ™ cos( by + C)

Remark .

P derivatives of some standard functions
together for ready reference.

R

we derived are presented

Yy, =Dy

RS A Y . :

ae

(mlég a )ttty |
m(m—l)(??!—2)._.[m—[nul)];:”[ax+b)"’_” i
RTINS i
Pt !
(ax+b)i+] ?
. -1 TRl B
(1) =1yt ;
{ax+ b)Y |

: IR :
!a"SlnLLZ“H"IH’J ) |
] g L
. (un k I
A COs| e ax+ b ;
i 2 J |
.o o el
| T—— . i
AN+ i [ ntan Y (bay s b+ o) :
! R . . I B . B - _....J
(N v 6 ) MTeoslntan N ba) b b ke | :

Observe similarities in the pair of formulae F,eF [ F & F, ; Fg & Fy as it would

help to remember the formulae easiliy.

fillustrative Examples

Here are a few examples for getting an acquaintance with the formulae of »™"
derivative of standard functions.

1. y = 83.\‘

2. y=gF

3.0 y=3™

4 e
Y= 3x+2

v, = e (n =3 in F))

v. = (3loga)'a® . (m =3 in F5)

¥y = (S1og3)"3™ (1 =3, m=5in F)
-1) 3"

R LA S R, Fy)

- (3x+2)u+-l
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(-1)" ' (n-1)12"
(2x+5)" ’

5. y=log(2x+5) SOy, = ..{a=2 b=5In F5)

_2 . .
b. =———F or y=(x+1 (m=-2,a=1 k=1 in F,)
y (x+1) Y ) 3

y":{(—2)(—3)(—4),H(—Z—{n—l)ﬂ(x+lY2*“‘1"
ie., y, = (-1)" - 2.3 4. . (n+1)(x+1)" "2 Here 1" = 1
(Observe that — 1 is a common factor in afl the n terms}

_ (1) (n+1)!

n (x+1):1+2

1

7, y=cmﬂ4x+3):.yn:4"am[%§+4x+3}.” (a=4 b=3inF,)
8. y=sinbx .. V. = 6" sin [22—1?+6X] .. (a=86b=01in F)
9 =& = =3, ¢c=0 i
: y=¢ cosSx...(ﬂ-2,b-3,c—01nF9)
yn=(\ﬁ?j)"ezxcos{ntan_l(3/’2)+3x]
10. y=¢€sinx ... (a=1b=1¢=0in Fy)
" si 11 vy = (V2 V' Fsin | 22 4+ &
ynz(\fz_) esin{nkan " 1+x)=(¥2)v¢ sm( 2 +1J

11. ¥ = logw(4x2— 1)

>> It is importnt to note that we have to convert the logarithm to the base e by the property.

log, x
0810 > = 155 10

log (4x2—~1) log (2x—1)+log {2x+1)
_ g{’ _ g t g{_ ~

Y= T leg, 10 log, 10

U VO D R DL A § i Gt DR

Iy, = ‘
T log, 10 | (2x-1)" (2x+1)" |

Thts
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12. V= cos i 3x

3x | -3r
>> y=[Ltze T:i [e6x+e_6x+2:’

Thus y = % [6".‘36}[+|[~l:’>)"I ehéx]
x

13. y=e" coshdx

>> y=e¢" - (e +e

1 n_bx no_-2x
Thus Y, =35 6 e +(~2)e }
14. ¥y=cos x

>> y:%(l-ﬂ-cost}

_1 n B e SN
Thus  y, =3 {O+2 cos[ > +2xJ} =2 cos( 5 +2xJ
15. Y = sin 8x - cos 5x
Yy

> = % {sin (8x+5x) + sin (8x—5x)| = % (sin 13x +sin 3x )

Thus, y, = —;— {(13)"@(% + 13xJ+3”Sin (52—” + 3x]}

EM' Leibnitz theorem for the #™ derivative of a product
Statement : If u and v are functions of x then
D' (uv) = (uv), = uv +nCl MU, +”C2”2Un~2 totu v

Working procedure for problems

¥ Inproblems, to find the n™ derivative of a given product involving polynomial
functions like x, 12, (x+1 )3 etc. we have to take them as the first function
‘u' since D" (1) = i, will become zero for some n, with the result the process
terminates at some stage.

® In some problems we have to use our discretion for getting the result in some
specific form.
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WORKED PROBLEMS

Find the n™ derivative of the followeing funclions.

34 2 2 A : 2
1 4t 2. vToosT By S log dy
v o e L o
4. vt sin 3y cos 2y 50T T sinh 2 nooe oy
3 4x
1 y=nx4
3 x
Let w=x, v =4

We have Leibnitz theorem,

(uv), = m.=n+nc1 iy vn_1+nczu2vu_2+...+u”v

_ _n{n-1) _n{n=-1){(n-2)
But  me =g =TT e ST 2 s

We alsohave v = D" (4") = (logH"4" and u, = D(x’) =322

iy = D(3x%) = 6x ; 1y =D(6x) =6, uy=D(6) =0
Now applying Leibnitz theorem we have,
y, = ¥ (logd)" 4% +n - 3x% . (logd)" 1 4¥

n{n-1) n{n-1){(n-=-2)
+. =
2 6

-6).’-(log4]"_2-4x+ -6‘(log4)”"3- '

Thus y, = (loga)" ™% - 4&* [¥* (log4)® +3n 2% (loga)?

+3n(nm1)x(log4)+n(n—l)(n-—2)]

2. Y= %% cos’ 3x
af 1 +cos bx 21 3
—x[ > j—2+2(,xc056x)
2
X 1
y, = D" (}i} + -2—D" (x2 cos 6x )
. _ }_ n, 2 . :
ie., Y, = 0+2D (x“coséx) where n > 2

Now, let u = x* and v = cos 6x.

Applying Leibnitz theorem we get
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1 _

We have (cosbx) = D" (cos 63 ) = 6”c05[%r£+6xJ

y, = % {xz 6”cos[%+6x} +2nx - 6”_1cos[(n—1)-;£+6x)

+n{n-1) 6”_2cos((n—2)-§+6xJ}

n—2
Thus gy -8 {36fcos[ﬂt+61J
2 2
T L8
+12nxcos((n—1)5+6x]+n(n—l)cos[(n—2)5+6x)}
5 y=logar
¥y = x°log 4x

Let W= v = log 4x
Applying Leibnitz theorem we have,

n{n-1)»
2

yn=x2(log4x)n+n-2x-(log4x)n_1+—— -2(10g4x)”_

2
We have (log&r)H = D”(Iogétr)
= ey _(=1)" " T(n-1yt

(4x)" x"
_yy=1 IERY, g aH=2 _ 1
Now y =2 (2 Gi=Dyt o (-1)" "% (n-2):
n ¥ . xn—l
_ 13 _ |
+n(n-1}( 1) (; 3)!
x”-—
Thus y;'=-”1_2{(—1}""1(n—l)!+2n(—l)"_2(n—2)!
X

+n(n—1)(—l)”"3(n—3)!} where n > 2

Since (n-3)! isvalid only when 1 > 2, we claim that the above expression for
y, isvalid for n > 2
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4. y=xe2xsin3xc052x
y = xe* . —;— [sin5x+sinx]
v, =%[D"(x-e?‘rsin5x)+D“(x-e?‘xsinx)] A

We have to apply Leibnitz theorem separately for the two terms by taking u = x,

v = ¢2* sin 5x in the first term and u = X, v = ¢”¥ sin ¥ in the second term.
Further we have,

v, = ( 29" 2 sin ( ntan” ! (5/2)+ Sx) in the first term and

v, = (V5 )" & sin(n tan™ ! ( 1/’2}+x) in the second term.
Thus y, = —12— [x - (V29 )" ¥ sin {ntan”1(5/2)+5x )
+n-1-(@)”‘1e1"sin{(n—1)tau‘1(5/2)+5x}J
+%[x—(\/§)”ezxsin{ntan_1(1X2)+x}
+n-1-(V’g)"_lezxsin{(n—l)tan_1(i/2)+x}]
5. y=¢ “x’sinh2x
y = X x2 . l(eZI_e-Zx)
2
fe., y :%[xzex—x?‘e_?’x)

h=3 [D"(#e)-0 (#Fe7)]

Applying Leibnitz theorem to each of the two terms we get,

-1
ynz‘;‘ x2€x+n'21"€x+——"—n(n )<2-t‘x]

2
1P 2 o -3x i a1 -3x  n{n-=1} _ayt—2 -3y
2]:x( 3Y e +n - 2x - (-3) e + 5 2(-3) ¢
—3x
ie., yn-:g;[xz+2nx+n(n—1)] —(—3)"'2 82 [9f-—6nx+u(n-1)]
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6. y=¢logx

Here neither of the functions is a polynomial and either of them could be the first
function.

Letustake u = ¢* and v = logx.

Applying Leibnitz theorem we have,
Yy = D" (logx)+ne" D"V (logx)

+n(rr-ll

> exD"_z(logx)+<-v+D"{ex)-logx

y = G- (1) (-2

X )
- 1y 3 - 1
GA=1) L (1) (2:1 3)'+---+e’r10g.\f
2 1
1" Nn-1)t  n(=1)""2 (n-2)!
=ex . + -
yu X xn—l
- 1Y 3 (31
+u(n 1) (-1) _(2n 3)'+---+logx
2 W
7. Show that
d% (logx) -1V ! Pl
log x 1 1
>> Let y = =logx - - andlet v = logx, v = =
x x X
We have Leibnitz theorem,
(rv), :”U::+”C1“1Un—l+”C2”23n~2+”'+“nv (1)
-1y -1y
Now, u =logx .. n,o= (1) x”( )
1 (=1)'n!
I’:; Up = H+1
x

Using these in (1) by taking appropriate values for n we get,
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1Yl 1yt Y1y
Dn(long:logx_(_"l) w1 (-1 (-1
x xﬂ+] x xn

FEICE S RN G B N ES (TGS IR Gt D A U DI
12 2 -l M x
T I\ _asi—1 o _qm—2 -1 . i
i, =logx - = U},&J DAL DAL Gl ¥ ML 1)1
M P 21_n+1 Kt
_ (=)' RS S e S N U2 O )
Tl logx+(-1) "—-=—5—+...+ i
Note: (—1)_1:L=-1;(_1)—2___ 1 =1
-1 (-1)
(n-=1)! (rn—1}! 1
1 = = =
Also n! n-(n=-1)! n
H _ lll-
di" x AR 2 3 n
8. Prove tha
D i_\” log x] ool : log v+ +i—+};+_ ! I

>> Let y = x"logx.
It is important to take a note that the given function is involved with n and hence the
nth derivative y, = D" (x"log x ) is to be viewed as follows.

¥y = D! (xlogx); Yy = D? (x*log x); Yy = D* (X log x) ete.,

n =12 3...is tobecorrelated bothin L.FL5 and RHS.

Since we have to prove a result for pesitive integral values of n, the method of
mathematical induction is well suited.

Step-1: We shall verify the result when n = 1.-
d
LHS = Dl(xIOg.\') = -d—;_(xlogx) =X - %+kogx =.1+logx

RHS = ' (logx+1) = logx+1
LHS = RHS = Theresultis true whenn = 1

Step-2: Weshall assume the result tobe true fornn = & wherekis any positive integer.
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Dk(x)‘!ong:k!{logx+l+%+%+---+%} o

Step-3: We have to prove the result forn = k + 1.
[ﬁ+1(xk+1ng)::Dk[D(xk+1mgx)]
= Dk[x“” : %»,(;c»rnﬂk - log x

je., D’f”[x"”logx) - Dk[x)‘:’+(k+l)Dk[xklogx] Q)
Let us consider the first term Dk[ e J
D) = kb1 D2 (k) = k (k1252
DY (W) = k(k-1) (k=21 677 ete
DY) =k (h=1)(k-2)- 3 2 145 % oy 1 =&t
D"(x’_‘) = k!
Note : Remember D" (1") = 1

Using this result and (1) in the RI1S of (2) we have

Dk+1(_\,k+110g,t) = k!4 (k+1}{k!{log.r+l+v;—+‘.,+,1_)}

k
le., :k!+(k+])T{lugx+]+%+-'-+-}£
= (k+1)!{longJr1+%+---+%+(—ki!1—)-r-}
Dk”(xk“logx) = (k+])T{logx+1+%+»--+-i+-—1—-} o (3)
k+1

Comparing (1) and (3) we conclude that the result is true forw = k+1.

Hence by the principle of mathematical induction the result is true for any positive
integer n.

1 1 1
Thus D"[r" logx] = u!{lug,r+l+'2-+'3-+---+;l-}

L A ]
LRI TR S :
‘i i 203 s
Remark : The function ¢iven in this example s sume as the previous example. But we have to
arrive at the result as directed in the problem.
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>> yn"—*D"(x”logx)=D"_1{_D(x"logx)j‘
= ;D"_l{x”I . %+nx”—llogx}
= D""l(:vcl"_1)+nD“‘1 (x"'llogx)
y, = (n—-1}+ny, _, Thisproves the first part.

Now Putting the values forn = 1, 2, 3..we get

yy = 00+ 1 -y = 1+logx = H(logx+1)

y, = 1+2y, = 1+2(1+logx)
ie., y2:2logx+3=2(10gx+3/2)=2![10gx+1+%]
yy = 2143y, = 2+3(2logx+3)
ie., y, = 6logx+11 = 6(10gx+11/6) = 3!(logx+l+%+%)

2°3

1
Thus y = u![logx+1+l+~1~+---+;}

10, If y = x" logx, show that ¥y = .

>>  Observing that the desired resultisrelated toy,  ,beingthe (n+1 )”’ derivative,
it will be convenient to first obtain y, and then differentiate n times.

Liny logx

Consider y = x"logx ..y, =" -—}+nx"_1logx=x”_
Multiplying by x we get,
xy = +nxlogx = 2" +ny
Now, D"(xy;)= D" («"y+nD"(y)
Applying Leibnitz theorem to L.11 8 and using D" (1" ) = n! we have,
xD"’(yl)+nCl 1.p*-l (y,) = nl+ny,

. -
e, XY, Py, =niiny,

= Xy, =n or
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Note : The function involved in Examples - 8, 9, 10 is the same and different technique is
adopted in each problem to get the result as desired.

11 If v = tanx, prove that

y”(ﬂ)—n(\‘y”_z({)} : .-vzr_.‘:,f”_4('{l)—--- = osindg a2
sin x
>> ¥ =tanx = ——
cos X

Cosx-y = sinx and differentiating n times we have,
D" (cosx-y) = D" (sinx)

Applying Leibnitz theorer onto the L.H.S and making use of the standard formula
in RH.S we get,

cosx - y”+nCl (--sinx)-yn_l+nC2(—cosx)-_1;”_2

+nC3(sin:r) -yn_3+nc4(cosx)'yn_4+-‘ = sin({nn/2+x) v {1)
Here y , y, ... are all functions of xiy, (x), y, _,(x). and ¥,(0) is to be
understood as the value of Y, whenx = 0. In this context, observing the desired result
weneedtoputx = 0in(1). sin0 = 0, cos0 =1

Thus (1) now becomes,

yﬂ(0)—"czy”_,_(o)+“c4yn_4(0)—--- = sin(nn/2)

Standard type of problems on Leibnitz theorem

Working procedure for prablems

9 Giveny as a function of x (explicit or implicit} we need to establish a relation
involving y »Vy,andy, ory +1r Ypandy, et

¥ Inordertoestablish such a relation we have to first establish a relation involving
Yy Yy ¥ O iy, v as the case may be by differentiating and simplifying judiciously.

@ Later we have to differentiate the retation so obtained 7 times and Leibnitz
theorem has to be employed in differentiating a product involved in the relation.

Observe the following - ]
-1 -2
D”(y2) :yn+2’ D" (_')’2) LI D" (-VZ) =Yy
+1 1 ‘
D" (yl_):yn+2_' D" (y):yiwl.fh“
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WORKED PROBLEMS

120 0F o= acos{logrn s Do i Loy v b e e vl e 30
Thieen .'”:I"Illll_." Pofinf ot i it L H T
!
If v=uacosilog vy aindloga
N T . 1
show that sy, 02 vy e
>> y =acos(logx)+bsin(logx)

Differentiate w.r.t x
¥, = —asin{logx) - % +b . cos{logx) - 31-( (we avoid quotient rule to find Yo)
= xy, = —asin(logx)+bcos(logx)
Differentiating agéin w.rtx we have,
XY, +1 -y, = —acos(logx) - -ij—bsin(logx) : 1—
or x2y2+xy1=—[ncos(logx)+bsin(logx)}:~y
Thus x2y2+xy1+y =0
Now we have to differentiate this result n times.
e, D' (Fy)+ D" (xy,)+D"(y) = 0

We have to employ Leibnitz theoreom for the first two terms.
Hence we have,

2 -1 n{n-1) -9
{x DMy, )+n - 2x - DT () + 1_2-—v2-D" {yz)}

+{x . D”(y]]-i-n 1 D”_l(yl)]]»fu” =0

- 2
ie., {x Yysot2nxy, G+n(n-1)y +{x_yn'_l+uyul+yn =0

. 2
e, 1’2-1"‘n+2+2ﬂx-l/rr-t-'l-i-n yn_nyn+xyn+1+”-urt+-vn =0

Thus %y, ,+(2n+1)xy,, +(n°+1)y =0
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15 Ir tany = v Jrime e b sy a2 A enoe Shono that,
(i) e A YR L i
tany =x = y = tan” ' x
y, = 1
R

Differentiating again w.r.f x we have

or (1+x2)yl =1

{1+:z2)3,e2+2x3,e1 =0
Now, differentiating this result n times we have,
D”]r(l+x2)y2]+2[)”[xy]] =0

Applying Leibnitz theorem to each of the terms we have,

{(l+x2}D”(y2)+n S2x - D'y, +ﬂ1”_;12-2-o“‘2(y2)}

+2{x D" (y)en 1 D"_l(y])} -0

ie., %(1+x2)y"+2+n c2x ]fn+1+(h'2-n}y”} +2nyn+]+nyn} =0

ic., (]+x2)yn+2+2(n+l)xyn+1+(n2+n}yn=O
Thus (1+x2)yn+2+2(n+1).ryn+l+n(n+1)yn=0
Note : The result of this example is related to the function y = tan™ ! x which can be given in

different versions as follows.

i) If y= tan™ ! (}j—lJ then show that

1-x

(l+x2)yn+2+2(n+1)xy”+1+n(n+1)yn = 0.

-1/ 1+tan®
P ¥ = tan®. Theny = tan™!{ - ~20°
>> Put ¥ = tan. Theny = tan (l—tane}
. y=tan 'n(n/4+8) = (n/4)+0 or y=(n/4)+tan" ! x

Thisgivesyl = 0+i—1~5 or (1+x2)y1 =1
+x

Then the result follows as in Problem - 13

- +
{if) If y=tan I(E——x} then show that

(ﬂ2+3.’2}lj”+2+2(h‘+1).\'_I;”+I+?’.'(ﬂ+1)yn =0
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> = tan ! atx
Y a-x
Put X =gtan®
-1 a{l+tan 8) -1
= ¢ —— = 7 =
.y = tan [a{lntane} tan "tan(mn/4+0) = (n/4)+0

Thus y = (n/4)+0wherex/a = tan® or 6 = tan” ! (x/a)

Now y = (n/4)+tan_l(x/a)

y, =0+ = = or (:12+x2)y1=a
Differentiating w.r.t x we get,
(a2+x2)y2+2xy120 (1)

This part of the result is similar to the result in the first part of Problem - 13. as we have

a* instead of 1. Proceeding on the same lines in applying Leibnitz theorem to both the
terms of (1) we can can obtain,

(dz+x2)yn+2+2(n+1)xy"+l+n(n+1)y" =0

14, ffcos’ 1 (y by = log i V' e shoee thint
xt Y, ot i2n+ vy o+ 2 n']'_u” w ()
>> By daté, cos P (y/b) = n log (x/n) - log{a”) = mloga
= E=cos[nlog(xz’n):| or yzb-cos[nlog(x/n}] (D
b
Differentiating w.r.t x we get,
: 1
Yy = ~bsin[ nlog ( x/n ]:l - ) o Yo —n bsin[n log(,t/n):’

Differentiating w.r.t x again we get,

J:y2+1 “Yp=-nc b.cos[nlog(x/n)] T (r;l’n) . %
or x(xy,+y,) = —,;Qiacos[n log(x/n)—l = '”2};‘, by using (1).
or x2y2+xy1+112y:0

Differentiating each term i times we have,
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D"(x2y2}+D”(xyl}+n2D"(y) =0

Applying Leibnitz theorem to the product terms we have,

2 2 nin-1) ‘ | 4 12
xy”+2+n-gx-y”+1+ 1.2 -Z-y” +{ly”+1+.ﬂ‘1'y”}+” yu:U
1 X 2ux 2 - 2 _ ‘
v yn+2+ Hx y:!+1 +H -Vn —H_lln + X yu+1+nyn T -Vn =0
2 2
Thus « y”+2+(2n+1)xyu+1+2n y, =0
= sinh ™'y
15 00 v = TEm e e
\In'l + 17
(12" YU F 2 By RS ) voo-
»>> By data y sinjil <
> ydata y = ===
V1 +a?
or N1+ 52 y = sid Ly (we always avoid denomimator for convenient differentiation}
Now, differenliating w.r.f x we get,
\'1+12 + ! 2x 3 r {1+ 2);+r 1
' Y B e o Ly txy =
RV 1+22 !

Differentiating 7e.r.t x again we get,

| 2 | 41 '

41'{1+x )_|/2+2:c_|;l }+§-xyl +1 - y:( ={
., (1+x? Yy, #3xy iy = 0
Differentiating cach term # times we have

2

D"l—(1+x )y2]+3D”[xy1;|+D”(y) =0

Applying Leibnitz theorem to the product terms we get

I

2 . )
(1+x ’lyn+2+”'2:"'-11"1':+]-+ '.1-1_2”_.2-'1/”}+3{ly”+1+” -1 ’y”i+.‘f” =0

——

. 2 i 2 .
ic, (T+x VY, at2nxy, |+ ;;,J—ny”+3.\yn+]+3n‘|_/”+y”=0
fe., ('1+x2)_|;”+2+(2u+3]_1‘_|;”+]+{:12+2u+1)y” = {

Thus  (T+x%)y,  ,+(2n+3) vy, +(n+1)y =0
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| T T S T I TR YO R S S

1 |

osin S Zlogi i by o Bt
T e R A L L I N

>> Bydata y = sinlog(x2+2x+])
1

2
=coslog(x“+2x+1) - — —— . 2x+2

% & e2x+1
. 7 1
ie., =coslog (x " +2x+1)  ——— 2(x+1)

% (x+1)>

2

- 2 +1

ie., ¥, = coslog(x +2x+1) or (x+1)y, =2coslog(x2+2x+l)

(x+1)

Differentiating w.r.t x again we get

1
(x+1)y,+1 -y, = -2sinlog (x> +2x+1)——— - 2(x+1)
Y, Y g (it 1)

or (x+l)2y2+(x+1)y1 = -4y or (x+1)2y2+(x+1)y1+4y =0
Differentiating each term n times we have,
D"[(x+1)2y2]+D”[(x+1)_1,-'1]+4D"Iy] =0
Applying Leibnitz theorem to the product terms we have,
nin-1
{(“l)zymﬂr 21y -y, B 2 yn}
+{(x+1)yn+1+n -1 yn}+4yn =0
ie., (J|r+l)2yr1+24—2:r1(3r+1)ynH+rf12_1;n—ﬂ3,rﬂ+(x+1)yﬁH+r¢_z;n+4yrl =0

Thus  (x+1)y, ,+(2n+1)(x+1)y,  +(n*+4)y, =0

17. #f y o= (=1 doe b
7 ) vl g
Gl 0 2 AR N i
- y = (I2 -1 )n
Taking logarithins on both sides, . . . {for convenience)

logy = nlog(x?‘—l)
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Differentiating w.r.t x we get
1 1

— Yy, =n -
y % -1

Differentiating again wr.t x we get,

“2x  or (xzvl]yl=2nxy

(xzhl)y2+2xy1 = 2n(xyl+y)
Now differentiating each term # times we have,
D”{(xz—l )y2]+2D”{xy1 ] = ZnD”[x_I;] J+2n D" y]
Applying Leibnitz theorem to the product terms we have,
2 n(n-1)
{U TIWWpptm e 2 b2 .v,,}
+2{x_|,f”+1+n -1y, ; = Zn{xy”HH: -1 _1_;”}-1-2?13;”

» 2_ . bl 4
ic., (x ]}y”+2+2?uy”+1kn v, n_l;“+2x_1/”+l+._uyn

= 2:1:;'yn+1+2:12_|;n+2nyn

. 2 2

ie., (3 ~1 )y”+2+21‘yn+] ~n"y -ny =0
ie., (1-2-1)y”+2+2xyn+1—n{n+l)y”=O
or (1—xz)y,t+2—2xy"+1+n(r:+1)yn:0

Note : Alternative version of the problem :

H

d , ,
p g satisfies the equation
N

If y= (x*—1 )" show thaty =

2
(1—x2)u—2xﬂ+n(n+l)y =1

dr dx
>> We need to show that,
e d
(lnxz);;? (Y, )=2x 5oy y+n(n+lyy =0

That is to show that, ( 1 — ¥? ) yﬂ’ -2 xyn’ tn{n+l)y =0
and this is equivalent to

(1—x2)yn+2~2xyn+]+n(n+1)y” =0

This is the same result established in Problem - 17,
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18 iy = log (v e VL provethaf (1 om0 (2r+lyvy, L +nty =0

>> Bydata, y = log(x+\.']+x2)

1 1
= == {1 e - 2x
& (x+\h+x2){ 2 V1+4? }

ie., = =
. (x+\‘]+x2) V1 +x° V1 + 22

Differentiating w.r.t x again we get

. ~f 2
1 1+x" +x 1 or i y =1

1 2
\}1+x2y b 22Xy = 0 or (1+x" )y, +xy, =0
5 > e 1 2 1

Now, D"1:(l+x2)y2]+D"[xy1] =0

Applying Leibnitz theorem to each term we get,

2 n{n-1}
{(]+x )yﬂ+2+n n2x yn+1+? 2 yn}

+[x Yy tn ol vy"J =0
ie., (1+x2)yn+2+2nxyn+l+nz1”—nyn+xy”+l+nyn =0
Thus (1+%°)y,,,+(2n+1)xy, +u’y, =0

Note : Alternative version of the problem. The result of this problem also holds good if
y = sinh™!x since log { x + V1 +47 )= sivh ' x
L ¥ :
19. Ify = phaes o prove fat (1= 2" Yy, —vy, = m'y amid fievee oo fhat
2 1 2 ? ¢ -}
(1=x"yy, - (2ot vy, el SUNE I R U

-1,
L COR x

>> Dydata, ¥ = ¢

S H my
_ JMeos x| - 1= 2 = —
yp = ¢ N NP ar I-x"y, my

Differentiating again we get,
P 1
1-x% - Y, + —==={—-2x}y, = —my
"2 N1- 4 o .
or (1~.\-2)y2~xy1 = —m{ V1 - i yl} = -m(—my) = mzy
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(1-3")y,-xy, -mly = 0
Now D”[(l—xz)yz}-—D"[xyl:I—sz"[y]=0
Applying Leibnitz theorem to the product terms we have,
{(1—x2)y,,+2+n - (—2x)-yn+1+"—‘f%l(—2)y,,}
—{x “Ypptn o 1 yn}”m2yn =0
e (1=x)yy o =2nxy, =y, dny, —xy, -y, - oy, =0

Thus  (1-x")y, ,,~(2n+1)xy, - (m+nd)y =0

20. Ifx = sintandy = cos m {, prove that
2 ;2 2,
{(1-x Wy o~ (Z2n4102 Yyt =n"jy. =0
>> Bydata x =sint and y = cosmt

x=sint > ¢t = sin_lxandy = cos mf becomes

Y = cos(msin‘lx).
Differentiating w.r.t x we get

y1=—sin(msin"]x)-\lm—2 or \J'l~x2y1:—msin(msin_lx)
1-x

Differentiating again w.r.t x we get,
m

Vi-2%, +——1~—(—2x) =—mcos(msin‘1x)-
N PO i

or (1—x2)y2«-xy1=—m2y or {l-xz)yZ—xyl+m2y=0

Note : This result is almost same as that of the previous example and proceeding on the same
lines we can arrive at the desired result.

Thus (l—xz)y"+2—(2n+1)xy“+l+(mz—-n2)yn = 0.

200y Y 2 0y shore that

o2 . 2 2 -
{x -})y”+2+(2n+1}.19rw1+(n -myy o=
>> Bydata, y'May V" = gy

1/m 1 1/m Y

e, y +|_I-‘;;:2x or (y +1=2x(y1’/m)
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my2 2 yl”m )+ 1 = 0 which is a quadratic equation in yl‘/m‘

fe., (y

Ift = yvm the equation assurnes the form :
F-2xt+1=0

We shall solve for t using the quadratic formula.

—(-2x) t V(=2x¥-4-1-1 2xtVix* -4
2 = 2

F =

7
-1
ie., b= ﬁ%—" or  yVM=yx+Nx' -1

Let y/™ = x+ V-1

H1
= y = [x + NP -1 ]
We now proceed to obtain a relationiny, y,, ¥,

Taking logarithms on both sides we get,
logy = mlog[x + \l'xz—l ]
Differentiating w.r.t x we get,
ly —m--—l—-—— 1+—l-——~—-2x
y -l [x+Ye2-1] 2 V¥ 1
Loom. 1 [V¥* -1 +x] m
y 71 [x+\[x2—1l Va2 - 1 a2 -1
Also if, y = [x—‘\l'xz—l ™ we obtain
1

—-m

fe.,

1
Thus ~y, =& 75—
Sy x“-1

Squaring and cross multiplying we get
(2% -1 )y% = mzyQ,

Differentiating w.r.t x again we get,
(P-1)2yy,+2xy; = m* (2y 1)

or (xz—l)y2+xy1—m2y = 0, on dividing by 2y, .

Now differentiating each term n times we have,
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D"[(xz—1)y2]+D"[xy1]—m2D”[y] =0

Applying Leibnitz theorem to the product terms we get,

2 n{n-1}
{(x DYyt - 2x yn+1+_T_2__ ' 2-"!31}

2
+{x-yn+l+n-1-y“}—m y, =0
e, (-1) 2 2y - -ty =0
d Ynr2? XY et Yy nyn+xyn+1+”-'/n "y, =

Thus (xz—l)y”2+(2n+1)xy“1+(n2-mz)y" =0
220t y=a{x+ VaZ -1 IR g \"{J.'T—]_)ﬂ, prove tiat

11:;}1*2+(u +Jnu pe1 =0

> Bydata, y=a(x+ V-1 1) +b(x-Vx?-1)"

a-n(x+Va2-1)" 1{1+2m 21}
+b-n(x-Vx2-—1)""1{1—;~\/j-z——_j-2x}

J2 1(2
ie., y1=an(x+\ix§—1)”"](—“—\/;—i—?+-x—)- +bn(:(~\4':r§--1)"'l(——Jl-:-\[;_%-;—"il

or Vx° -1y —mz(1+\b. )—bu(z—\u -1y
Differentlatmg againw.r. t.t and simplifying as before we get,
Vi 2x
yz 2 \I_~— J']

_ an®(x+¥¥-1Y'+bn (x—V?—l}”
Vx4 -1

or {12-1)y2+xy]=n

L}

Now, D'[(x*-1 )y2]+D"[xy1] = nzy”
Applying Leibnitz theorem to each term in the L.H.S we get,

2 n(n-1)
{(x “DYytn - 2x yn+]+T ’ 2yn}

2
+{xy"+l+n 1 -yﬂ}—n y, =0
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ie., (xz—l)y”+2+2nxyn+1+n2yn—ny"+xyn+]+nyn—n2yn =0

Thus (xz—l)y

et (2n+l)xy, =0

23, If y=sin ' x, prove that

{1- A2 J —{2n+1)xy —n? y,, = 0. Heice show that

nel fn+1

) (0 when nis even
Yy (V) = 1 (n--2)2 (r3—4)2 52,32 1% witenn is odd

>> Bydatay = sin”!x

1l v ?
= or 1-xy. =1.
L (—1 ) Y5

Differentiating w.r.t x we get
1~ 1 +;(—2x} =0 or (1-1‘2)1 .—x = Q.
Wi 2o 2

Differentiating n times by applying Leibnitz theorem we get,

{(1—12)5.«”“” S(=2x) yn+1+i’—(—1”—__§1—)(~2)yn}—{xyn+1+n - 1-3;”} = Q!
or (1—xz)yn+'.'2—2nxynﬂ—nzyn+nyn—xy””—nyn:0

Thus (1-x")y,,,-(2n+1)xy,  -nfy =0

Now putting x = Q we get yn+2({))=n2yn(0) ()
If n=0:y,(0)=0"y,(0)=0

If n=2:y,(0)=2"y,(0) = Oetc.

Thus  y,(0) = 0,y,(0) = 0,y (0) = 0

= ¥, (0) =0 when n iseven,
1

Also v, =-\f1——1'7 and y,(0) =1

o on=1in(1):y,(0) = 1%y, (0)

F on=3in(1):y5(0) = 3%y, (0)
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if n=5in(1):y,(0) =5y (0)

Yoop(0) = (n=2Yy _,(0)

y,(0) = (n-2)%y__,(0)
Thus by back substitiution we get when r is odd,
y, (0) = (n-2)(n-4)>...5% . 32 . 1% since y,(0) =1

2. If x =tan(logy), find the value of
(1+,\'2}yn+1 +(2nx-1 yu,ta{n-l )y”_]
-1
>> Bydatax = tan{logy)= tan”!x = logy or y= e X
Since the desired relation involves Yys1Ypandy, , wecanfind y, and differentiate
n times the result associated with y, and y.

-1 -1
; - Jtan x| _ tan T x
Consider y = e oYy =e -

2 or (l+3c2)y1 =y
X

Ditferentiating n times we have
D'[(1+x*)y, ] =D"[y]

Applying Leibnitz theorem onto L.H.S, we have,

n H- *-1 M-

e, (1+x)y, . +2nxy +n(n-1)y, _ -y =0

H
Thus  (1+%* )y, +(2nx~1)y +n(n-1)y _, =0

25 4f y o= ¢ Fosx, show that

Yo oo (0 =y, (0 e 20202 iy, (0} =0

¥r2
>> Bydatay =e¢ €os X
2 p)
¥ = e* XZ(—sinx)+xex /2 cos x
2
ie., y, = -¢" Zsinx+xy (D)
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Differentiating again,

2 2
—[ex ’2 cos x + x & asinx]+[xyl +y]

¥

Y2
~y—xé "Csinx+xy, +y

ie., ¥y
ie., Y, = x(y,—xy)+xy, byusing (1)
or y2--2xy1+x2y=0 . (2)

We have to now differentiate this relation 2 n times and in respect of second and third
terms we have to employ Leibnitz theorem in the form,

(nv)zﬂ = uv2n+2nclul Uzn—1+2”c2“202n—2+'"+“2nv

From (2) we have D?" (y, )~ 2D (xy, )+ D? (Fy) = 0

y2n+2—2{xD2”(yl)+2n 1. Dz"‘l(yl)}

2n(2n-

+lx2D2"(y)'+2n 2x - DPM Ty + — ”Q-D“‘%y)} =0

ie., y2n+2—2xy2n+1—4ny2n+x2y2n+4nxy2n_l +2n{2n-1}y,, , =0
Now putting x = 0 throughout we get,
Yys2(0)—dny, (0)+2n(2n-1}y,, ,(0) =10

. ; . . . .
2. Ify =ax” Py % prove that ¥2 Yo =t (n+ 1)y &differentinte ths resuldt e fimes.
X ’
>> Bydata,y = axdtlapx"
Y, = a{n+1)x"+b(~n)x "1

a(n+1)uxn_1+b(—n)(—n-1)x_""2

Y =
or gy =a(ntD)nx"TTebn(n+)x"72
Now xzyzzn(n+1)[axn+11l_bx~nj|
ie., 1‘2y2=n(n+1)y

Differentiating this result n times we have

D" (Fy,)-n(n+1)D"(y) =0
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- r; . SR : . X . N N i
0y = Corn by i N A TR P - T AR ST I W F .
! 4 . . | ;
.""-'-“f":}.-"l".‘ f}r-"." ! |"_“'.'J'|'lf fov -"Il‘llll-'l RE R E R ] RN L T .Jr.'rl B N N
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e T T Y

>> Bydata y = (ax+b)" where m > n

Differentiating successively we obtain,
v, =m(m—l)(m-z)---{m~(n—1)]a"(ax+b)’"‘” - (Result F,)
Multiplying and dividing by the term (1 —n )t which is given by
(m—n)(m-n-1) (m-n-2y...3 .2 .4
[ m>n (m-n) >0 and f(m-n)= k,aposftiveintegerthen
M=k(k-1) (k-2)-..3.2.1]
Thus  y ={m(m-1) (m—2)~-m—(n—l)]

An-n)y (m-n_1y.. 3 21} a® . (ax4pynon

(m—n)

Combining all the terms in the numerator, the same represents the product of first
natural numbers which is m!

{(m—n)

Thus if m>n Y, = d' (ax+byn—n )

!
Nextif m = n D"[(ax+b)m:[ = % a”(ax+b)0

= n'a" = constant, whenm = 5
Yy

Thus if m

n, D”[(ax+b)"]=nzd'

Alsoif m < nthen D"[(ax+b)m]= D" (constant) = 0
D”'”‘[Dm(ax+b)'":]:Dk(constant)={)sincek=nfm>0

Thus  ifm < n D"[(ax+b)’"]=o
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Also we have to find D*" [ (x*+1)" ] using the above results.
Expanding ( «% +1)" by the binomial theorem we obtain,
(F+1) = (x2)”+nc (Zyt 1+ne (Y2 12441

e, (P+1) = xPans T x2" e
1
D2n[(x2+1)n1=D2n(r2n)+nC D?n(x2n—2)
1

+ 0 D (A" 4y 0 D)

2
We have (2) and (3) whena = 1,b = 0in the form
D" (") = ntand D" (x™) = Oif m < n
Using these results in (4) we get,
D[ (241)" | = 2ntang - Okng Ok =2

28. If x4y =1 Hun shiove ted,

[l
el i I RETE o2 2 1
e PR TR At [ e T e PP DY [

ot I ©o v

>> Bydatax+y=1 . y=1-x
Letustake # = ¥"andv = ' = (1-x)"

We shall find g, 4y, - -4, o Wy 1Y,
to apply Leibnitz theorem for the product u v.

and v, Uy =" D v, with the aim

n-2 Un-v

Consider u = x" and its successive derivatives are as follows.

||t1=nx"#l ; uy =nn- 1)x" " %e

U, 5 = 1"1(:»1-—1)(1'1—2)--3;(2 = %!xz

=
I

n(n-1)(n-2)--3 - 2x=nlx
un=n(n—1)(n*2)~3-2 -1 =n

Now consider v = i" where y = 1-x.
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v = ny*1 Yy =ny" 1y, v, =n(n—1)y”“2(—1)zetc;

! bl - - I
vn_zziy(—l)” 2, vy =nty(-1) 1, v, =nl{-1)
We have Leibnitz theorem,

n -
D" (uv) = I‘Un+”C1 w0, +nC2 o .,

!

+'"+”C“_2“n—202+”cn_1” o tu, v

D' (x"y") = 1" . W=1) 4 ne nx® 1 gy gyl
1

n-2 1l o5 EPRLEY:

+nC2-n(n-1)x E—y(
n! - -
+~-+ncﬂ_2--2—x2-n{n—l)y" 2(-—1)2+ncnhl‘n!x-(-ny" 1)+n!y’f”
n(n-1)
Weknowthat 1 = n. = n i ——s——"=n. = n etc.
Cl C:l~l 2 C2 C;:-Q

D" (") = n!{(-1)”x”+(ncl)2(~1J”_1x"hly
+(”c2)2(*1)”_21"*2y2+'"+(ncﬂ_2)2(-1)2x2f_2
*ng 1)2(~1)1xy"‘1+y"}
Reversing the order of the terms in RH.S we have
D" (") = n!{y”—(nci )ny"“1+(ncz)2x2y"2---
+{n. 1)2(—1)""1x"'1y+(—1)".1"}

Remark : The problem can also be worked by the method of mathematical induction.

2
29, If y=¢€ 7, show that yn+]+2xyn+2”b’,,u1 =0
> y=e
' 2
yy=e" (-2x) or ¥y = -2xy
We have, Y;+2xy =0
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Differentiating this result n times we have,
D" [y, 1+2D" [y} = 0

ie, y”+1+2{xyn+n-1-yn_1}:0

Thus y,  ,+2xy, +2ny, ;=0

30. ff v = sinh (arsinde oy, establiah He velutenn coniechin g Yoo Vo vinidd v,

>> y=si.nh(msinh'1x)

_m__
V14 x°
or \Jl+x2y]=mcosh(msinh_11)

Differentiating w.r.t x again we get,

¥, = cosh(msinh‘lx) .

m

— 1
1+x2y + = Xy =msinh(m5inh_1x)
2 2N1 447 ! V1 +x

or (1+x2)y2+),y]=m2y

Differentiating each term n times we have,
D"[(l+x2)y2]+D"[xy]]—m2D”(y) =0

Applying Leibnitz theorem to the product terms we get,

2 n{n-1) ; 2
[(1+,\ )yn+2+. n-Zx-ynH + ---———~—1'2 -Z-yn}+sixy”+l+ 1»1-11rl -my, = 0

Thus (1—x2) +{2n+1)x +(n2—mz)y = 0 is the required relation.
Yns2 Y1 I q

1. y = xcos3x cos 5x 2.y =¥ cosx
3. If y:xzex, prove that y, = (X +2nx+nt-n)e

4. Ify=xlog[%],showthat D' = (-1)" (n=-2)! xon o _x+n

(x-1)Y" (x+1)"
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5

10.

Ify = (Sin_lx)zprove that ( 1 —sz)y2 —xy, =2
and then apply Leibnitz theorem to differentiate the result # times,
Fy = sin(msin™!x) prove that

{(a) (l—xz)yz—xyl+m2y =0

i
=

(b) (l—xz)yn+2~(2n+l)x‘yn+1+(n2~m2)y” =

Ify = coslog(12-2x+1),provethat

(1--1)%fn+2+(2n+1)(x—l)3,!M+(nz+4)y}_i =0

m
Ity = [x+\1'l+x2] show that,

2 2
{]+.12)y”+2+(2n+1)xyn+1+(:z -m )yn =0

Ify = I:log(x+ Vil +a? JT, prove that

(1+,12)yn+2+(2n+1)xyn+1+nzyn = 0. Hence deduce that :

0, when »n is even

y, (0) = {(‘1)”‘12‘22'32"' n, when n is odd

Ify = acosh (logx™)+bsin k ( ldg »") show that

xzyn+2+(2n+1),ry””+(:;2—m2)yﬂ =0

+1[): - 2”cos(£ﬂ+2xj+n : 2"*1c05((n-1)5+2x)J
2 2 2
2”‘/23"'[xzcos(;1§+x)+\5 ‘n xcos((n~1)§+x}

+1(-n-1)cos((n—2)%+x”
.2 4

[]_;(2)}/”1_2-—(2??4-] }I-]/;r-i-l_nzy” =0




Rolle’s theorem and mean value theorems

;_1_211 Continuity and Diferentiability

A function f{x) issaid tobe continuous ata point x = a if im f(x) = f(a)
X—=n

where f{a) means, the value of f(x) at x =a and it should not be infinite,
indeterminate, imaginary.

(x) - f(a)

A function f(x) is said to be differentiable ata point x = & if lim —

x—a

exists

and is unique.

A function f(x) is said to be continuous or differentiable in an interval if it is
continuous or differentiable at each point of the interval. In simple words, we can say
that f(x) is continuous in an interval if the graph of f{x) do not have any breaks
in that interval. Differentiability accounts for the smoothness of the curve.

Notes and Notations
1. Ifa function is differentiable then it is necessarily continuous but not conversely.
That is, differentiability implies continuity.

2, If f(x) and g(x) aretwo continous functions then kf(x), kg (x) [wherekisa

constant ], f{x) % g(x)f(x)y g(x) f(x)/g(x) where g{x)*0 forall xare
all continuous functions.

3. Common functions like constant, any polynomial, sinx, cos x, e, sinhx, coshx
etc, are continuous at ail points. Also we can say that, log x is not continuous at x = 0,
1/(x—1) isnot continuous at x = 1, tanx isnokcontinuousat x = /2 etc.

Notatians
1. {a, b] :Closed interval a, b 1t includes all the points between a & b includinga & b.
2. (4, b) :Open interval a, b: It includes all the points between a & b excluding a & b.

ie., xela, b] = asx<b; xe (a,b) = a<x<b
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} 'l‘@ Rolle’s theorem and its geometrical interpretation

Statement : Ifafunchon Fray continsone [, b

() differentioble in G, by ) Fruy = FUBY then there pxists atleast one point ¢ in
{0, b) thates o < ¢ < b suel that f'(c) =

Geometrical interpretation (meaning)

Geometrically the three conditions can be interpreted as follows :

() The curve f(x ) inthe interval a, b should not have any breaks including the
end points.

(ii) Thecurve f(x} issmooth and it must possess tangent at all points in the interval
a, b except at the end points where tangents cannot be drawn.

(iii) The ordinates fla), fiby respectively carresponding to 4, b must be of the
same height from the x-axis.

When all these conditions are satisfied, geometrically the theorem means that there

exists atleast one point strictly between the end points at which the tangent is paralle]
to the x-axis.

A picturesque llustration is as follows,

Jr.}

{) 3 o

In the above figure the points P and (O correspond to x = g, x = J and the

corresponding heights f(a), f(b) areequal. It canbe seen from the figure that there
are two points L and M on the curve [a<e <t ;< C, <b] at which the tangents

are parallel to the x-axis.
Remark : This theorem is the Sfoundation for all other theorems to follow.
We now proceed to establish mean value theorems by applying Rolle’s theorem.

I A .
( 1‘23’ Lagrange’s (first) mean valye theorem

Statement : [F oy function FOY 0 s comitiion « o [ B ] ditferentioble i {a, b)) then
. . , , Fib- Fla ,
-'-'I."r"n"[’t”\F"'il“::i‘f.’{':’f.‘"l‘[:’”I"I-‘-'a'f.f”\ O B sy e P A P
. }o- it ’
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Proof : Let us define a new function
d{x)=f(x)-k.x A1)

where k is a constant to be chosen suitably later. Since f(x) is continuous in [a, b],
differentiable in (a, b) and that kx is.also continuous in [ a, b], differentiable in
{a, b) we can conclude that ${x) is also continuous in [a, b ], differentiable in
(a, b)

From(l)wehave,q:(r:)=f(a)-k-a;¢(b):f(b)—kAb
d(a) = ¢ (b) holds good if
fta)y—k-a =f(b)-k-b or kib—a) =f{b)y-f(a)

j"':!(b;:{q(ﬂ) )

Hence if k is chosen as given by (2}, then ¢ (x) satisfy all the conditions of Rolle’s
theorem. Therefore by Rolle’s theorem there exists atleast one point ¢ in (a,b)such
that &' (c) =10

Differentiating (1) w.r.t. x we have, O (x)=f"(x)-k
and $‘(c) =0 yields f'(c)-k=0

ie., k=f"(c) )]
Equating the R.HL.S of (2) and (3) we have

b)- , .4

[O)-F) _ oy )

This proves Lagrange’s mean value theorem.

.\.{‘ll‘
1. The theorent can also be put in the following forms :

Flby-f(a)y=(b-a)f'(c) or f(b)=flayx(b-a)f'(c) ...0)

2. Further if the length of the interval [a, b] is hwe have b—a =h
or b =a+h Alsoifweset 8 = C;n = %i we observe that © lies
~d
between Oand 1. Thatis 0 < 0 < 1. Now ¢ =a+0h and b = a+h
The theorem in the form (5) becomes

Flath) = f(a)+hf (a+0h) .. .(6)

Genmrettical interpretaizen tmeanie ) of fhe Hpeortedn
Let P = {a, flta), Q= {b, f(b)} be any two points on the curve representing
y =f(x).
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slope of PQ = Zﬂb—;za&{z

As per the conditions of the theorem, the curve f(x} has no breaks in the interval
including the end points and possesses tangents at all points within the interval.

Geometrically the theorem means that there exists atleast one point on the curve at
which the tangent is parallel to the line joining the end points. In the above figure there
are two points L and M at which the tangents are parallel to the line PQ.

l.Z{I Cauchy’s mean value theorem

Statement : If f{x) and SOV e twotunchionsvanbmueusn [a, b differentioble in

(o, B} vt ¢ (v Y 8 fur ool (o, B e Fhoee on i ableasi oo point oo
(o, DY sl Ht
FCDY)—Fa) Frin .

IR
Proof : Let us define a new function
¢{x)=f(x)~kg(x) (1)

where k is a constant to be chosen suitably later. From the given conditions it is evident
that ¢ (1) is also continuous in {a b], differentiablein (a, b )

Further from (1) we have,
0a) =fla)-kg(a) ; o(b)=f(b)-kg(b)
o{a)=0(b) holds gnod if
fla)—kg(a)=f(b)~kg(b)

e, klgtb)~gla)] =f(b) - f(a)

O 0)
§(b)~-g(a)

Here g (b)#g (a). Because if §(b) =g(a) then g(x) wduld satisfy all the
conditions of Rolle’s theorem and accordingly there must exist atleast one point ¢ in
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(a, b) such that g’ (c) = 0. This contradicts the data that g“(x} # 0 forallxin
(a, b)

Hence if k is chosen as given by (2) then ¢ (x) satisfy all the conditions of Rolle’s
theorem. Therefore by Rolle’s theorem there exists atleast one valuecin (a, b) such
that $°(c) =0

Differentiating (1) w.r.t. x we have,
¢’ (x)=f"(x)-kg'(x) and ¢ (c) =0 ylelds
fr(cy-kg'(c)y=0 e f'{(cy=kg (c}
L)
g’ (c)
Equating the R.H.S of (2) and (3) we have
f(B)-f(a) _ f(c)
gb)-—g(a) g'(c)
This proves Cauchy’s mean value theorem.

Note
1. We can deduce Lagrange’s mean value theorem from Cauchy’s mean value theorem.
Taking g(x) = x wehave g{a) =4, g{(b) =1
Alse g'(x)=1=g"(c) =1
Hence Cauchy’s mean value theorem becomes,
fb)—fLa) _f'Le) ., flb)-fa) .,
b—a =3 ie., b =f(c)

This is Lagrange’s mean value theorem.

2. We can also deduce Cauchy’s mean value theorem from Lagrange’s theorem.

Let us take the format of Lagrange’s mean value theorem for f{x) and g (x) in the form

!(b;:ﬂ!(fl) :f.r{cl) (I)
and (b;:a(”):g’(cz) )

Dividing (1) by (2) we hnave,

f)y-flay _fa)
g(b) —g(a) g’ ()

This is Cauchy’s mean value theorem provided ¢ = ¢, = ¢ where a < ¢ <b.
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Note: 1. Taking b-a = /i and ¢ - a+8h where 0 = f—ii we observe that
— a

0 <8 < 1. Taylor’s theorem becomes

2
flath) = flayens ) priay o

hH—I ._]J hn
+(—?;“_—in-]'(” (a)+‘r;-!"f("}(a+8h)

2. Bytlaking n = 1 in both the forms of Taylor's theoren: we get
feb) :f(a)+(b-ﬂ)_f'(r;) or fla+h) =f(a)+hf’(a+8h)

These are the two forms of Lagrange’s mean value theorem. Hence the same is referred to as
Lagrange’s first mean value theorem.

When n = 2 we get

b- 2
(o) = f(a)+ b~ ayf(ay+ 8L pr

This is referred to as Lagrange’s second mean value theorem and so on.
T L L LT A P T o bR e L e theere s
Voot pracedure o A SR

<  We ensure the continuity of the given function / functions in the interval.
fla) = f(b) alsohas to be ensured for Rolle’s theorem.

¥ The derivative of the given function / functions must be found and we ensure
differentiatiability in the interval.

>  We need to identify the value / values of ¢ belonging to the open interval
satisfying the relevant theorem.
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>> f{x)=x

DIFFERENTIAL CALCULUS - 1

2 is continuous in [~1, 11 & f’(x) = 2x exist for all values in

(-1, f(-1)=(-1¥=tlad f(1)=1=1 = f(=1)=f(1)

Hence all the three conditions of the theorem are satisfied.

Now consider f’(c¢) = 0 thatis 2¢ =0 or ¢ = 0
¢=0¢€ (-1, 1) and hence Rolle’s theorem is verified.

Ceometrically f(x) =y = x* is a parabola symmetrical about the y-axis passing
through the origin and that the x-axis itself is the tangent to the curveat x = ¢ =0

U N

32.

Also

fi{x)= x2(1—2x+xz) = 2o e at
f{x) is continuous in [0, 1)

Fr(x) = 2x-637 +4x° existsin (0, 1)
fLoy=0-=f(1)

Hence all the conditions of the theorem are satisfied.

Now consider f'(c) = 0~

ie.,

ie.,

33.

e bt 443 = 0 or 20(1-3c+2%) = 0
20{2c~1) (c=-1)=0 = 2= 0, 2c-1=0,¢-1=0

0 ¢=1/2 c¢c=1
172 ¢ (0, 1). Thus Rolle’s theorem is verified

¢

[

x/2

f(x) = (x2+2x)e_ is continuous in [-2, 0]

fr(xy= (P +2x)eY? (—1/2)+(2r+2)9’x/2
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) e—x/?.
., f'(x)= 3 (—x2—2x+4x+4)
e—x/Z
frixy = 5= (= + 244
f'{x) existsin (-2, 0) Also f{(-2) =0 = f(0)
Hence all the conditions of the theorem are satisfied.
Now consider f'(¢) = 0
E,-c/2
From (1) we have = 5 (—L‘2+2C+4) =0
Since ¢ 2 cannot be zero, we must have
~F+244=0 or P2 - 4=
L 2%VE+18 2320 _2#2¥5 .
2 2 2
c=1-V5=-1236 ¢ (-2, 0). Thus Rolle’s theorem is verified.
34, f(x)=(x-a)? (x-b) is continuous in [a b]
M S == g =) T L p(x—a T (xopy
L = (x=a) T (=0 T [g(x-a)rp(x-b))
Frixy=(x=a)P 1 (x-py=t [(g+p)x—(ga+ph)] )
4 f(x) existsin (a, b)

Also  f(a) =0 = f(b)
Hence all the conditions of the theorem are satisfied.

Now Consider f*(c) = 0

From (1), (c—a)? ™} (copy? ((g+p)e—(quipb)] =0

¢=a=0 ¢c~b=0 (g+p)c—(gatph) = 0
i, e=a, ¢ =, Cszi_(E{
ptg

m, b are the end points. ¢ = pb+qga/p+g is the r-coordin
divides the line joining [, fla)l,

=

ate of the point which
[ f(b)] internally in the ratio p : g

€ =pbrqa/p+qe (a b). Thus Rolle's theorem is verified.
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35.
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f(x)= ¢ (sinx —cos x) iscontinuousin (n/4, 5n/4]

f'(x) = e (cosx+sinx)+e (sinx—cosx)

f(x)= 2¢" sin x oD
f(x) is differentiable in (m/4, 5n/4)

f(n/ay = &4 (sinn/d - cosm/a) = & (IN2Z-1/2) = 0

f(5m/4) = &4 (sin5n/4 ~cos 5n/4)
=S (1T 1) = 0

f(n/4) =0 = f(51/4)

Hence all the conditions of the theorem are satisfied.
Now consider f'(c¢) =0
From (1) we have, 2¢ sinc = 0. But 20

But

36.

Also

sinc =0 =c=nn where n =012, ..

¢ = ne (n/4, 5n/4). Thus Rolle’s theorem is verified.

in2x
f(x) = stt is continuous in [0, #/2]
€

¢2* .2 cos 2% —sin 2x - 2 62 _ 2 ¢®¥ ( cos 2x — sin2x )

frix)y = (27 - ()

. 2(cos2x—sin2x
f(x) = S T ) )

f'{x) exists in (0, W/2)
f{0)=0=f(ﬂ/2] .+ sin0=0=sinmn

Henee all the conditions of the theorem are satisfied.
Now consider f"(c) = 0

We have from (1)

2(cos2c—-sin2c¢) _

- = {
{,2(,

cos2¢c—sin2¢ = 0
cos2¢ =sin2c or tan2c =1 = 2¢c = n/4

c=mn/8 € (0, n/2). Thus Rolle’s theorem is verified.
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»>  Thegiven f(x) is continuousin [a, k] since O<g< b

The given f(x) can be written in the form

fix) = log(x2+ab)~log(a+b) - log x

2x 1 _ 22~ (P+ab)
’ = = e = X DX tab)
S0 2 +ab x (-x2+ab)x
x2—ab
-.’ Fl = - . L 1
“ frex (x*+ab )x M

f'(x) existsin (a, b)

2y ab

Also  f(a) = log[‘(—i-fg%;J = log1 = 0
b+ ab

f(by = log[(a+b}b:': logl =0

fla) =‘f ()
Hence all the conditions of the theorem are satisfied.

Now consider f"(¢) = 0

2 _
From (1) we have, _Lzab =0 = ?-gh= 0 i, ¢=+ab
(c +ab)_c

c=+vVab ¢ (4 b) and we know that Vab is the geometric meanof a and p.

Remark : Consider the function f(x) = 13 inf-1, 1] J(X) is continuous in
(=0, 0] f(x) = 362 exists in (=L 1) f(=1)#f(1). But f'(¢) =0 gives
3*=0o0rc=0c¢ (=1, 1) Though one of the conditions of the theoren: is not satisfied we
have a value ¢ = Qe (=1, 1) such that f(c) = 0. Such sttuations are interpreted as
Sollows,

When all the conditions of the theorem are satisfied definitely we will have atleast one value
" within the interval such that f'(cy = 0.
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38, We have Lagrange’s mean value theorem

(b;:n(ﬂ) =f"(¢)

Here f(x)=logx a=1b=ce
f(x) is continuous in [1, e] Also f'(x)=1/x
f(x) is differentiable in (1, e)

Hence the theorem becomes

fle)-} ..{‘.1_) = l ie., }_go t— 10 105._1 = 1
e—1 [ e—1 c
1 1
But logl = 0, loge = 1 and hence we have ;—1 =7
or c=e-1=27-1=17€ (1, ¢). Thus the theoremis verified.

39. We have Lagrange’s mean value theorem

flo)-fLa) _ .
b-a =/

The given f(x) is continuous in [0, 4]
flx)y={(x-1){(x-2){x - 3); a=0b=4bydata
f(b)y=f(ay=3.2.1= 6 and
f(ﬂ):f(0)=("1)(*2)(—3)=—6

Wehave f(x) = 3 ~6x% + 11x — 6 in the simplified form.
Fr(x) = 3% -12x+11 existsin (0, 4)

The theorem becomes

FC=f(0) |32 _qpcems
4-0
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or

47

6 ‘;hf’) = 3%~ 12c + 1]

3% -12c+8 = 0
L R22V144 66 12:vig oo R2+ViB 12-vag
e T Ty e e T

€=3.15 and 0.85 both belongto (0, 4). Thus the theorem is verified.

40. We have the theorem ‘L(T:;L =f"(¢)

With

Ie.,

fe.,

Here

flx) = x3~3x2+2x. f{x) is continuous in (0, 172]
Fix) =3¢% 6x+2
a=0 b=

f{x) is differentiable in (0, 1/2)

=1/2and f(x) = x (x=1){(x-2) the theorem becomes

1/2(1/2 - 1)(12-2y-p
— = 34
—-___Hﬂ__——-_-_l/z 0 c 6c+2 or

(~1/2)(=3/2) = 3~ ¢ 4.7

2 24 V576240 24 1 V336
2¢"-24c+5 =9 - ('z—-—-—Z-IM: o

=176 and 0.24

€=0.24€ (0, 1/72). Thus the theorem is verified.

41. We have the theorem e ) —f(a fla)

Here

b—a =f"(¢)

flxy = cos?x is continuous in [0, n/2 )
f(x)=-2cosxsinx = —sin2x existsin (0, n/2)
fUh) = fin2) = cos? (n2)
the theorem becomes

}t92_~10 ==sin2c or sin2 = 2/ — 2 = sin” ] (2/m)

O fla) =Ff(0) = cos2Q =

={1/2) sin | (2/m)=0-345 ; But n/2 ~ 1.57
€=0-345€ (0, 1-57 ). Thus the theorem is verified,
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42, We have the theorem (b;:a(ﬂ) =f'(¢c)

ie.,

f(x) = tan™ * x" is continuous in [0, 1]

f(x)y=1/1 +x% existsin (0, 1)

F(b) = f(1) = tan” ' (1) = /4 ; f(a) = f(0) = tan" 10 = 0
the theorem becomes

n/4-0 1
1

"1 2 or 1'[(1+|‘.‘2)=4
+C ’

n? = 4-n or ¢t = (4 ~n)n
c=v¥(4 -n)n .
¢ =0-523 € {0, 1). Thus the theoremis verified.

~> We have the theorem in the form

Here

f(b) = f(a)+(b—a)f (a+0h)
f(x)

& is continuousin [0, 1] f'(x) = ¢ existsin (0, 1)

a=0. b=1 .~ f'(a+8h)=f'(Bh) ="

fb)=f(1y=¢ =e;f(a)=f(0)=¢ =1

Hence {1) becomes,

But

ie.,

e=1+(1-0)" e, e-1=¢""

h=b-a=1 . fze-1 > 8 =log(e-1)
8

it

log(e—l}ﬂog{_(z?—l) = log,(1.7) =053 <

Thus the required 0 = 0.53

)
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4. We have Cauchy’s mean value theorem
_____f(b)—.La) :f—gt—}- Here a =10, b = 16
g(b) -g(a)y g'(cy
Let  f(x)=vVx%9 ‘g"(x):\f::(_
.

f(- —_ _ ¥ )___1_._
P =5 S Y

flx) and g (x) are continuous in [0, 16 ], differentiable in (0, 16).
§{x)#0 ¥ xe (0, 16)

Hence the theorem becomes

£(16)-f(0) 17249

= 2 o
g(16)~g(0) 172 e $(
ie M — Ve ie '_,__3. - 3¢ P
V16 —V0 ~ Ve +9 T4 Ne+9
. 1 Ve 1 .
ie., SR ey S A =¢+90r ¢ =3

The value ¢ = 3 € (0, 16). Thus the theorem is verified.

45. We have Cauchy’s mean value theorem

flb)-f(a) _ f'(c)
glby-g(ay g’ (¢)

where =3, b =7 by data.

flx)=¢" gives f'(x} = e s g(x)y=¢" gives ¢’ (x) = —¢ %

f{x), g{x) are continuous in |3, 7], differentiable in (3, 7)
XY £0 V xe (3, 7)

Hence the theorem becomes

e, STC 2 o o) eh
Lol (ei-e)
4 ("3
3 74 10
. e - ¢ o .
., e —3——---27-—-- = T S N 20 =10 or ¢ =5
(e7—¢")
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46, f(x) =logx Let g(x) =f"{x}=1/x
fxy=1/x ; g'(x) = —1/x* Also a=1, b=c¢
f(x) and g(x) arecontinuousin [1, ¢ ], differentiable in {1, e).
g‘(x);éo vV xe(l, e)

We have Cauchy’s mean value theorem

f(by=fla) _ f'(c)
g(by-g(a)y g'(c)

fle)y-f(1y _ 1/

ie., =
gle) —g(ly 1/t
) loge—logl a 1-0 _ e _ _
ie., (1/e)-1 ¢ or (1—c)e ¢ or T C
e 27
ie., C-—E_1~1.7-—16

B LSS O R TN FUI T SR TT) R S E VD AR IR B crir e b i b st 0 nd

N T B PR LR T DO TE PR o L PR R T A I S SR
»> We have Cauchy’s mean value theorem,

f(b)-flay _ f{(e)
g(b)—gla)y g’ ()

Let  f(x)=sinx ; g{x) = cosx
fi(x)=cosx; g'(x) = —sinx

f(x) and g(x) arecontinuousin [a, b, differentiablein(a, b)
g’ (x)#0 V x €(a b) since 0 <a< b

Hence the theorem becomes,

sinb—sina  cosc¢
cosb-cosa  —sinc
ie., —sinbsinc+sincsing = cosbcosc ~ coSCCOSA
or €OS ¢ cOSi +sinc¢sing = cosbeosc+sinbsine
ie., cos{c—-a) =cos(b-c)y=>c-a=b-c or 20 = a+d

¢ = (a+b)/2 is the arithmetic mean of aand b. ¢ € (4, b)

Note : In order to find c we can also use the transformation formulae.
The simplification is as follows.
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7 si b-a _Iii_a_
sin 2 c0s 2

b+
From(1) - cote _“—%Fﬁm—j‘cm[_é ]
~2sin 5 |sin

A8, -”, !".-’I.'::.‘.'. -'r.'r,-'c' Pl by VAP - R A Prorite b fiie LTINS e

B T
L T P T,

. i Lot . Il [ I T
Poomand oy anfin ot 0 L AR (TSI S I R I N

>>  We have Cauchy’s mean value theorem,

SBY-fla) _ f(ey

g(b) - g(a)  g'(c)
Let  flx)=1/% - g(x) = /v
frixy=-22 ¢'(x)=-1/22

f(x) and g (x) are continuous in {a, b], differentiable in (a, b) and g’ (x)#0
vV xe(a, b)

Hence the theorem becomes,

-1/ ~2/3 o Tob? 2
/b~1/a - 1762 r a-b/ab ¢

ie., == —— =

(a-b)(a+b)ab 2 a+b 2
(a-b) a®b? ¢ ab r

Thus ¢ = ;23% is the harmonic mean between a and b.ce (a, b)

Nate am establishing inequalibe s v el e valne heorems, '

Suppose we need to establish an imequality of the form : fi(x) >fi(x) >fi(x) where
Y>0,wetake F(x) = fI (x)—fz(x) ;G{x) = 5 (x)—f3 (x) andapp:’y[agmnge’s
mean value theorem for F(x) and also for G (x} in the interpal [0, x]
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39, Ayl menn Solue Bnoorens Bolone b s log s Teove o L2y oofiere vt

>> Case-{i) Let f(x) = x-log{l+x}

fr(xy=1-

T+ = L+ ; since x>0, f'(x)>0

f(x) iscontinuousin [0, x ] differentiable in (0, x)
Applying Lagrange’s mean value theorem for this f{x) we have

Fx) = f(0)+(x ~ 0} (c) But f(0) =0
flx)y=xf"(c). Also f'(c}>0 since ce (0, x)
Hence f(x)>0. That is x—log(1+x)>0
x>log(]+.r)- (1

Case-{ii) Let f(x) = 10g(1+x)rx+(x2/2)

1 I—1-x+x+x° ¥
’ ) :———-—-14—‘:—- = -
frixd 1+ x 1+x 1+x

Clearly f"{x)>0. Again applying the theorem in [0, v} we have
flx) = f(0)+xf"{c) But f(0) =20

Alse f'(x)>0 = f'{c)>0 since ce (0 x)
Hence we have again f(x)>0
je., log (1+x)—x+(x*/2)>0
log (1+x) > x-(x7/2) @
Thus by combining (1) and (2) we have
xSlog(1+x)>x—(x/2)

>>  We shall establish the equivalent form of the desired result,

x> log(l+x) > E%;

x> log(1+x) issameas Case-(i) of the previous problem.

Now, let f(x}) = log(]ﬁt)—i

f(x) = 1 (1+x)-1 -1 :_1”_____1
SRR Tt (1+2)° T+x  (1+x)
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:(l+x)—1___ X
(T+x)?  (14x)?

f(x)

Also f(x) iscontinuous in [0, x] and differentiable in {0, x).

Applying Lagrange’s mean value theorem for this S{x} in [0, x] we have,
f(x) = flO)+(x=0)f" (c) But f(0)=0
flx)y = xf'(¢); fr(x)>0 = f{ey > 0 and hence f(x)>0

x
1+x

, X
ie., log (1+x)- >0 or log(1+x)>1+x

Since we also have x > log {1+ x), combining these we get

x x
x>log{l+x) > 1+x OF 12z < log(1+x) < x

S Prive et com oy - e N S
>>  Let f{x) =cosx—1+(x2/2)
FAx) = ~sginx+x
Since x>0, siny<x or x-sinx>0 . f(x)=0

The function f(x) is continuous in [0, x), differentiable in {0, x)

Clearly f'(x)}>0 since x>0.

Hence by applying Lagrange’s mean value theorem for f(x} in [0, x) we have,

flxy = F0)+(x=0)f ()
But  f(0)=0 = f(x)=xf'(c) f'(x)>0 = f'(c)>0
Hence f(x)>0. That is, cosx—1+(x2/2)>0
Thus  cosx > l—(x2/2)

[y

»>  Let f(x}:sin“lx f’(:c)z\l—T
1-x

f{x} iscontinuousin [a, b | and differentiable in {a, b).
Applying Lagrange’s mean value theorem for flx})in [a, b] we get
whena <c<b

————— L

@
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22 2 2

Now a<ec = a <& = —a >~ = 1-a?>1~¢c
1 1
Hence <- . (2)
_ \(1 —a* \H-—c2
Also ¢<b. Onsimilar lines 1 < ! (3)
‘ CNiE WY
Combining (’Z) and (3) we get,
S B W
Vi-@ 1= 1=
or 1 < sin”’ b—sin” 4 < ! by using (1)
1-a° b-a V1-b? Y ’
On multiplying by (b —«) which is positive, we have
boa < sin 'b-sin la _boa
Vi-42 1-#
N ote .__". S | T
l X A i
{ Weneedto take f(x) = tan~ ! x)
B3 M b et - Foowe o hor san s otxoy i)

>> Let f(x) = sinx. By applying Lagrange’s mean value theorem for f(x) in
(x, x+h) we get, '
sin(x+h);sinx

¥ = f"(c} ;',Butf'(x)zcosx

sin{x+h)—sinx
h

Thus sin{x+h)—sinx

COsC

1

hcos ¢ as required.

>> Let f{x) =sinx and g(x) = cosXx
f'(x)=cosx and g’'(x}=-sinx

Applying Cauchy’s mean value theorem we have,
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sinb-~sinag Cos ¢ sinb — sinag
o b T T T T O ———"— " o _ote
cosb—cosa  ~—sinc cos b — cosa
sinb—-sing ,

Thus  ——-——= = cote as required.

cos a—cos b

PN RSt S

Verify Rolle’s theorem for the following functions.

1. f{x) = sinx/e* in [0, n)
2. flx)=x(x+3)e *7? in [-3,0].
3. f(x)=(x-a) [(x-a)(x-b)]? in  fa b] Ca"m"%;{gwh‘
Verify Lagrange’s mean value theorem for the following functions.
4, f(x) =logx : in e e2]
5. f{x)z(x—Z)(x+2)(x-3) in [1, 4]
6. f(x)-—px2+qx+r in  [a b]
Verify Cauchy’s mean vale theorem for the following pairs of functions.
7. sin x and cos x in [n/4, 311/4]
8. Fal and 1/¢ in [a b]
9. fix) and 2f"(x) in [a b), where f(x) =%
10. Show thatif 0<a<b,
lb;:z <tan 'p-tan~ g < i’:ag
and hence deduce that
5’;54 < (tan”'2) < 222
.-\__\\..‘_ﬁ‘l‘. FRN *
1L c=mn/4 2. c=-2 3. ¢ =(2a+3b)/5
4 c=¢-p 5 ¢=1+V3 6. ¢ = (a+b)2

~1
(o
It
=3
=}
[
I

(a+b)/2 9. ¢ = Vab
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Expansion of functions

We have Taylor's theorem in the form

h?‘l—]

. 12 - Ho~ }r.'
fla+h) =f(ay+hf [a)+éf (a)+”'+(—‘n"—_1h}ff( 1)(a}+ﬁf(r1)(n+8h]

Evidently the expresston in the RHS contains (#n+1) terms and we denote
h"

. = i £ (a+0h) whichis called the remainder after n terms,

let a+h =x or h=(x-a) If xisclose enough to ‘a’ then h will be very small
and R —0 as n-—re . As 11— the number of terms increase indefinitely and

we have an infinite series expansion of f{x} inpowers of (x—-a) givenby

JPRY- a3
fiy = far+ (e P e B+

This is called Taylor’s series expansiot of f(x) aboutthepoint .

Inparticularif a =0 wehave,

2 3
f(x) =f(0)+xf’(0)+%f”(0)+%f”’(0)+...

This is called Maclaurin’s series expansion of f(x)

Waorking procedure 1or problems

For convenience we shall use the notation
y(x) for f(x) and y, (x), Yy (X} yy (X)) - respectively for

Frx), frx), ) so that we have

yl{a)+(x—a)y, fa)+ (_1-;_‘:11: Yy fa)+ ... [Taylor's expansion]

yix)

2 )
y{0)+xy, (O)+ .—51 Y, (0)+ ... [Maclaurin's expansion]

Hi

yix)

= We nced to find successive derivatives of the given y (x) and evaluate them at
the given point ¥ = a for obtaining the Taylor's expansion and evaluate at
x = 0 for obtaining the Maclaurin’s expansion.

o To reduce the computational work we must prefer to use indirect methods for

obtaining various derivatives of the given function which we are familiar in the
discussion of the topic ‘Successive differentintion’
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Sl s apaa oy, & alwid o= | .u';'.'l;.\‘J’ff‘J'L-‘r.u.fL‘.-J.'.‘.mwrg_,f}..'.':rr‘r'f

>>  Wehave Taylor's expansion about v = 4 given by

2
yix) = y[n)+(:r—a)_:f](:?) + (—l%)—yz{a)ﬂ.

By data, y(x) = log,x ; a =1

yily = Iog{)-l = 0 . Diffcrentiating y{x) successively we get,

' 2
3/1(1'):;' .lfw_(l):'] : yg(‘r):'? .lf3(]):2
¥

1 , 6
X)) === oy, (1) =-1 ; Vg (x) === =y, (1) =—6
X X

Taylor’s series upto fourth degrec termwith g = 1 s given by

.__‘1 2
Ve =y vy (s DI
(x—1% 4
+_'?!_'Th(1}+ (_4| ) ye(1)
_ _ (x-1) (x=1) (x-1y
I{ence,log(_1=0+(1-1)l+ Ty (=1 +_(; —(2)+T(—6)
PP € it VAN E2S Vg ETS B s
Thus log,x = (x-1) 5+ 3 2
Now putting x = 1.1 we have
(0.1 (0.1)° (0. 1y
log, (1.1) = (0.1)- Ty < 00953

. Topind tanT Ty s = ) i b derng o RNttt ;fr'k-;r'f'v.

>>  Taylor's expansion in powersof (y—1} isgiven by

BEERY:
1)’(1) = _l/(])+(1-—1}_1/1(])+_(_‘}_1)

51 Y (1)
(x-1)° (x-1)*
+--—3F--- (1 }+—-—4! Ty (1) +
y = tan” 1y Loyl =tanT ] = g
1

¥ = . Sy (l) = 5 { We donot prefer direct differentiation )
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We have {1+,\‘2)y1=1 D
We have to successively differentiate to obtain expressions involving Yor Yo Yy and
dwmat x =1

-..twehaveondifferentiating(l),

(1+x2);;2+2x‘1/1=0 . (2)

1}
atn]

Putting x = 1; 2_1,-'2(1)+2-1‘l

5 y, (1) = =172

Differentiating (2) w.r.t x, we get,

(L+x* )y, +4xy, +2y, = 0 L 3)

1}
o

Putting x = 1; 2y3{1]—2+1 y3(]):1/2
Differentiating (3} w.r.t x, we get,
(L+x% )y, +6xy, +6y, = 0 (@)
Putting x = 1; 2],'4(1)+3-3=0 3;4(1):0
Substituting these values in the expansion we get

2 3
) {(xq)_("“” L (x-1) }

fan " x =

= 8]
B[ =

+ 2 6

T

»>  We have by Taylm's theorem,

’2
fla+h) =f(n)-|-h_f’(a)+¢_;Tf"(n)+.,.

Taking a =n/4 , f(R/A4+h) =sin{n/d+h) = f(x) = sinx

or y(x) = siny
/4 +h) = 4+ A Lﬁ /4 E / ﬁ: /
v/ A+ h) =y (w/d) + LYy (n )+2! yz(n )+ 31 _1;3{71 4) + 1 _1;4(n 4y ... (D)
Consider y(x)=sinx y{n/4) = 1/V2
Yy (x) = cosx Yy (n/4} = 132
yz(.\'] = 5iny yz(m’:l) = — 12

Yy {x) =—cosXx yy(m/dy =— 12
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Yg(x} = sinx Y (/%) = 127

Substituting these values in (1) we obtain
_ 1 2wy
SII'I(TI/4+h)=72={]+h—5'!“-—3‘!-+'a} . (2)
Tofind sin50° we have tolake h = 5°
iv., h=5 (/180 )} radians = n/36 = 0,087
Substituting ¥ = 0.087 inthe RH.S of {2) we obtain,
sin50° = 0, 7659
>>  Taylor’s expansion of i ( x ) about x = n/3 is given by
x-1/3 )
y{x) = Y(n/3}+(x-n/3) ¥ (m’3)+(—-5~—J- Yy (m/3)
3 4
x-w/3 x—-n/3)
+£—3! ) y3(n/3)+i—r——y4(n/3)+--- o AD

Let y{x} = log(cosx}-
y(n/3) = log[cos (n/3)] = log(1/2) = ~log2

Vi = cols.r ©osinx
i,  y, =-tanx Loy (n/3) = —tan(n/3) = V3
yzz—seczxz—(lﬂanlx)
e,y =—(1+7) Sy (3) = —[14(V3 )R] = -4
Y= =21y, S (3) = -2 -3 —4 = _8\F
Yy = 2ly s+ 2] - Yo (m/3) = =2[-V3 . —8¥3 +16] = -89

Substituting these values in (1) we havae,
) _ 2
log (cosx) = —log2 ~(x-1/3)\3 - Li%/—iq—h - q

3y /3
S SRR T R EEL.Z
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Thus log(cosx) = —logZ—ﬁ{x—ﬁ/S)—-Z(x—n/B )2
- %(.\'—MB)?’——EQ(.Y_;I/B)’;

= T . PP AP A
Y e N T B AL . R . Sl

2
»>> Wehave y(x) = y((_))+_ry1(O)+;—!y2([ﬂ])+___

y = sin X o0y = sin" 10 =0
W= T (1)
[Fiuding ys, Y Uy Ys Decomesverydifficult through direct differentiation. Hence we shall

adopt the techique of avoiding denominator by cross multiplying and squaring for avouding
square root]. We have y 0y =1.

Thus we have (1- ¥? } _1;% =1
Differentiating now wort. x, we get,
(1-1%)2 Yy ly t ];f (—2x}) = 0. Dividing by 2y, we get,
(1-2")u,—xy, =0 ()
Now putting ¥ = 0 wehave 1.y, (1)-0 =0 S, (0) =0
[Here y . vy, is tobewnderstood as iy (X)), y, (N 1]
Now differentiating (2) w.r.t. x we obtain
(1—1’2)_1;34.-‘1;2(—21 y- [y, +yy 11 =t
iv., (1- % Vipy - 3,‘(_[;‘2— ¥, = 0 )
Puiting x = 0 wehave yﬂ(U J=0=1 =, AN Oy =1

Pifferentiating (3) again wrt xwe oblain,

(1 —.1'2)‘!)‘4-!-_1;’3(—2.\' V-3 [1'_:;3+ Yy - 1 }—y‘j =0 .
o, 1=ty - Sy -y, = 0 4
Putting ¥ = 0 wehave y,(0)-0-0=10 ooy (o) =0

Differentiating () again w.r.t. v we have,
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( 1—.r2)_1_;5 ty, (-2x)-5] XYyt 1 ]~4yﬁ‘ =0
v, (1-x° ) Yg — 7.1‘_1;4 =9y, = 0 (B
Putting ¥ = 0 we have Y {)=~9.1 =1 Sy (0) =9
Substituting these values in the expanston of ¥ (x) we have,
2 3 4 5
X X

X b X
0+a-1 +—2—-O+-6—‘]-flﬂ-(ﬂ-iz—o,

sin” 1y

i

g

3 5
- X 3‘.
Thus  sin 'x = x+_6'+';i‘0__

>>  We have Maclaurin’s expansion,
? o A
v{x) = y(0) +x )+ 5i Yo {(0)+ 3—'3!; (0 + R (0)+...

Let  y =0 yioy =& -
v = M cosx or Ypmyeosx oo (0= y(0)-cos0 =1
¥y = —ysinx+msx-yl ‘[/2({]) =0+1 =1
Yy = -(ycosx+ Y81+ (cosy Y=y sinx)
Y - 2_1/1 SINX +cos v ¥y A 0)==1~0+1=0
Yy = mYy =2y cosx+siny yy )+ ( COSX Iy ~SI Y y, )

—Yy—2 Yy cos x - 3sin XYyt cosx -y,

Ve(0) = =1-2-0+0 - -3 Sy (0) = =3

Thus by substituting these values in the expansionof ¥ (v) we get,

2 4
sinx X X
LRI P S
2 8
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1. .J_.‘t)li.'N?:'.'I ]'.‘_;', O R T L ' L '.'i_ L DERTERN PR VO P Y !.'Ji‘“u‘- Poe e
>>  We have Maclaurin’s expansion

2 3 4
y(x) = _1;(0)+J;y1(O)+%y2(0)+%?y3(U)+i-!*y4(0)+...

Consider y = log(1+sinx) s y(0)=1logl =0
COS X
17 Thsinx y(0) =1
ie., (1+sinx)y, = cosx .- (1)

Differentiating w.r.t. x we get,
(1+siny )y, +cosx iy = —smx o (2)
Atx=0weget y,(0)+1 =10 Sy, () =-1
Differentialing 1-{2) again we get,
(1+sinx)y,+2y,cosx—y, siny = —COS X (3
At x =40 weget,y3(())-2—-0=—1 y3(0)=1 .
Differentiating (3) agnin we get,
(1+sinx )y4+'cos X Yyt 2( =Y, SINX+COSX Ify )~ (Y, cOsSX+sINY Iy} = sind
fe., (1+stnx)y,+3cosxy,—3y,sinY -y COsX = sinx
At x =0 weget, ¥, (0}+3-0-1=0 Loy (0)y=-2

Thus by substituting these values in the expansion we get

2 3 4
- X X X
- + PV
log (1 sinx) = x 3 6 12
0, 3
b ||1§_‘| [ T N . R Gl Do L R L7 R L N R TI
2 3 4

> () =y (0) 4y (0)+ 5y, (0)+ 3 (0) + 5y, (0) %

v = log(secx) o y(0)=logl =20
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Y, = %—j—lﬁ ., Y, = tanx y,(0) =20
Yy = sectx . Y (0) = 1.
Now Yy = 1+tan’x = 1 +y']‘)'
- Differentiating this w.r.t. x successively we have,
Yy = Zyl Yy Sy (0) =0
Yo = 20y 4y ¥ ) Sy (0) =2
Y5 = 20N Yt Y Y3+ 2y, 1) = 2y, Ya*OWy3 o y(0) =0
Yo = 2(y Ys ¥ Yy )+ 6 (1, Y, +.‘/§)
0. Yo =20 Y5+ 8,y + 612 Sy (0) = 16
Substituting these values in the expansion of y(x) we get,
2 ! 6
X X x
log (secx) = 2~»] +§Zv2+%-]6
2 4 6
xT x x
Thus  log(secx) = 5t 12 +45
x? 5
>> y():)=y({))+xyk(())+§?y2(0)+57y3(0)+---
Consider y = tan™ ! (1+x) S y(0) = tan” ! (1) = /4
1 1
e . S oy (0) =12
Y 1+(1+x}2 x2+2\‘+2 Y
ie., (,«.3+21-+2)y] =1 (1)
Diiicrentiating w.r.t. x,
(1‘2+2x+2)y2+2(,\-+1)y1=O )
At ¥ =0 we get 2, (03+2-(172) = ¢ Yoy (0) = —12

Differentiating (2) w.r.t. x we have,
(.1‘2+2x+2)_1;3+2(x+ 1 ).1;2 +2(x+1 )_1/2 +'2yr1 = (}
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., (2242042 )y, + 4 (x4 Lyy,+ 2, = 0 3
At x =0 weget, 2};3(U)+4-(—1/2)+2-(1/’2) =0 - _1,.'3(0): 12

Thus by substituting these values in the expansion of y (x) we get,

2
>»  Wehave, y{x) = _1;(())+_1'y1(0)+-%1—y2(0)+__.

[ .
Let y=Nl+sin2x = Veos? x +sin2x+25inx cos Y

- N3 .
= V¥{cosx+sinxy) = cosx+siny

Thus y = cosx+sinx ooy =1
y; = —sinx+cosx ooy (0) =1
Y, = —cosxy—sinxy = -y ey, = -y o g (0) = -1
Y ==y o Y3 (0) = -y = ooy (0 =1
Thus by substituting these values in the expansion of v () we get,
Vigsm2x = 1+x—§—'—§-+§;

Remark : We luee used a technique to simplify the gioen funciion leading to a very simple
forin, there by the problem is completed casily. The wsual procedure of squaring y (X)) and
differentiating thereon can also be done.

63, Ctin b harrns o an e e b Lo i e i Tivnee dedooe i
P+ Vo
l\)g’ | _\ o 1 T s -
2 3

»>> Wehave y(x) = _1;((})+x_ul{U)+£,l;—ry2(0)+%—1.-\1;3(U)+..,

Let yo=Jog(l+a) o y(0) =logl =10

L -~ 1
LSRN ooy =10y, = e sy (0) = -1
2 -6
Yy = ————=3 - W0y =2y, =-— y, (0) = -6
3 ( 1+x )3 3 Jq (1+ }4 4
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24
= y. (0) = 24
5T Ty i
Substituting these values in the expansion we get,
2 3 A N
IOg(I*I-x)=0+x-1+-§—<(—1)+“é'--2+ﬂ<(—6)+1—2’6-24-—-
2 3 4 .8
x0T X X x
Thus Iog(1+x)-x~—3-+3—~4—+?—--- .. (1}
ox 1, (1+2) 1
Next, log '.'rl—x —jlog[{—_x]—2{10g(1+x)—10g(1—x)] . (2)

Changing x to — x in (1) we obtain
2 3 4 5
¥ x x x
log (1-x) = —x=F-F=T-T-.. . (3)

Using (1) and (3) in (2) we have

T+x 1 P S B R P P e
log 1) =5 x—5-+?~—4—+*§_.” | e = T

%]
wn

5
Thus logVl+x/1-x = x+(x3/3) + (x5;’5)+-—-

1 P xs x3 15
E(Zx+2—3v+2—-+.,.J = x+?+ 5 +...

Wt RS S R A R S R R T

2 3 4
7>y =y (0)xy (0)+ 55, (0) + 5w (0) + 5y, (0)

Let y=tan(m/4+x) S y(G)=tan(n/4) = 1
y1=sec2(1t/4+x)=1+_t[2 ooy (0) =2
¥, = 2yy o p(0) =4
Y3 = 2 (Y, +37) ©yy(0) = 2(444) = 16
y4:2(yy3+3y1y2) Sy (0)=2(16+24) = 80

Substituting these values in the expansionof y{x) we have,
xZ x3 1,4 -
tan{m/4+x) = 1+x- 2+-2=-4+€ : 16+-2—4_.80

Thus tan(nr/4+x) = l+2x+2xz+§x3+1§qx4
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X X
>> y(x) =y([)}+xy](O)+Ey2(0)+§?y3(0)+.,
Let y =logtan{n/4+x}) ; y(0) =logl =0
Also & = tan(n/4 +x)

Differentiating w.r.t. x we get,

&y sec? (m/4+x) = 1+(& Y

2y

., ey = 1+e” D
At x=0,1y(0)=2 Loy (0) =2
Differentiating (1) w.r.t. x we get,

eyy2+eyy§:——2e2yy1 or y2+y%=2e*”y1 o (2)
Al x=0, y,(0)+4 =1 Loy (0 =10
Differentiating (2) w.r.t. x we get,

Vit 2y, = 2(Vyy ¥yt 3
At x=0, y,(0)+0=2(0+4) ©y,(0)=8
Differentiating (3) w.r.t. x we get, :

y4+2y1y3+2y§=2(c-”y3+eyy1y2+2e*"yly2+eyy:;’)
e, w2y e+ 215 = 28 (3 43y yy+y)) (8
At x=0, y4(0)+2><2><8+0:2(8+l}+8) y4(0)=0

Differentiating (4) w.r.t. x we get,
y5+2y1y4+2y2y3+4y2y3=28“’(y4+3y1y3+3y§+3}/§y2)
F 26y (Yo + 30,1+ 1)
At x =0, y;(0) =2(48)+2-2(3+8) = 160

Substituting these values in the expansionof y (x) we have,

3 5
X X
logtan(n/4+,\) = x-2+—6"-8+:i‘2-6<160+,.,
3 (}XS

Thus logtan(n/4+x) = 2x+T+T+...
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: - ; Vel . - . .
68, Dyt P ofi g e by et U fop ety ANTer ferme

2
> y{x)=y({))+xy1(0}+-é-!~y2(0)+‘..

X sinx

Let ¥y =e ooy =1
y1=e”mx(xcosx+sin:c) S oy (0)y=0
fe., Y = y{xcosx+sinx)

Now y2:y(—xsinx+2cosx)+yl(xcosx+sinx)
Hence Yo (0) = 1(0+2)+0 Sy (0)=2
Next, Y3 = y(~xcosx—-3sinx)+y, (—xsinx+2cosx)
+yl(—xsinx+2c05x)+y2(xcosx+5inx)
te., Yy =y(—xcosx-Bsinx}+2y1(~xsinx+2cosx) +.y2(xc05x+sinx)
Hence y3(0]=0+0+0 y3(0)=0
Next Yy =y(xsinx-4cosx)+y, (-xcosx~3sinx)
+2y1(—xcosx—SSinx)+2y2(—xsinx+2cosx)
+y2(—xsinx+2cosx)+y3(xcosx+sinx)
Hence Y (0) = -4+40+0+8+4 =38 S (0 =8

Thus by substituting these values in the expansion of y(x) we get,
I N <

6. Oblain the Maclaeri s men oo o I N O N N R I 1112 4d) devrec ferms

5> y(x) = y(0)+xy1(0)+'-;—!y2(0)+...

Let  y=log(1+¢") o y(0) = log,2
er 1
y, = i (0) ==
3 1+e* /1 2
fe., (1+¢9‘)y]=eI D)

Differentiating w.r.t. x we get,
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(1+e")yy,+e'y, = ¢
At x=0, 2y,(0)+1/2=1 L (=14
Differentiating (2) w.rt. x we get,

(1+e )y, +2¢ y,+e'y, = ¢
At x=0, 2y, (0)+1/2+1/2 =1 oy, (0) =0
Differentiating (3) w.r.t. x we get,

(1+e )y, +3e"y, +3e" y, +ey, = ¢

At x=0, 2y, (0)+3/4+1/2 = 1 Sy, (0)=~1/8
Thus by substituting these values in the expansion of y (x)} we get,
2 4
log(1+¢€") = logez+£+x— X

278 192

i I|:|.'| Voo

>> Maclaurin’s series is given by
3 4

¥ .
Y(x) = y(0)+xyy (0437 1, (0)+ 37w (0) 4757y (0) +---

Considery = y{x) = log(1 +cosxl) ; y(0) =log,2

—sin x
= Thcos con(@=0
iv., (1+cos.‘c)yl = —sginx

Differentiating w.r.t x we have,
(1+cosx)y,~sinx y, = —cosx
At x =0, weget 2, (0)~-0 = -1 sy (0) =-1/2
Differentiating (2) again w.r.t x we have
(1+cosx)y,—sinx y,—[sinx y, +cosx y, ] = sinx
ie., {1+cosy)yy—2sinx y,-cosx y; = sinx

At x = 0, we get 2y3(0)—0-0=(} y3(0)=0

Q)

..3)

{4

()

. (2)

. {3)
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Differentiating (3) again w.r.t x we have,
(1+cosx)y, -sinx Y3~ 2[sinx y; +cosx Yy ] = [cosx Y, —sinx y, ] = cosx

fe., (]+cos.r)y4~3sinx Y, —~3cosx y, +sinx Y; = cosx ... (4)
At x =0, we get 2y4(0)—0+3/2+0=1 S Y (0) = -1/4
Thus the required Maclaurin’s series is given by
N
loge(l+cosx)=lng82—z-—§g .
Aliter
=log(l+cosx) = log;[2cosz(x/2)l
ie., ¥ = log2+2logcos (x/2) y{0) = log, 2
Now y; = —tan (x/2) ¥ (0) =0
1
Yy = Esec (x/2) Y, {0) =-1/2
1
Also Yy = ;L;[]+tan (x/2)]——2(1+j2)
1
Y3 = —5(2019%,) = vy, S (0) =10
Yo =Y Ys-Vh S Y(0) = -1/4
Thus log(1+cosx)=]ogE2-(x2/4)——(x4/96)---
71 tin the Aachae s’ canegae
2
>> y(x):y(0)+xy1(0)+i—!—y2(0)+..
Let y =g ooy (0)=1
¥ = a loga = yloga o 1/ (0) =loga
Y, = vy loga ¥, (0) = (loga?
Yy = Y, loga S Yy (0) = (loga)3 and so on.

Substituting these values in the expansion of y{x) we get,

a = 1+xloga+ (loga)z+x3(]oga) +.
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72, Expand tan” RN eandinny poweers (Fx upti e fese Hiree non zero terms and hence
show that n=1(1-1,2+1.5- .}

x2 x3
>> y(x):y{0)+xy1(0)4-—27_1;2(0)+§y3(0)+...

Let y=tan_1x y(O):tan_l(0)=0
e, (1+x7)y, =1 )
Differentiating w.r.t. x we get,

(1+x2)y2+2xy1 =0 D)
At x = 0 weget, y2(0)=0 y,(0) =0
Differentiating, (2) again we get (1+'x2)y3+2x y,+2xy,+ 2y, = 0
ie., (1+x% )y, +4xy, +2y, = O )
At x =0 weget y,(0)=-2. L Ya(0) = =2

Differentiating (3) again w.r.t.x, we get

(1422 )y, + 2xy, + dayy + 4y, + 2y, = O
fe,  (1+x°)y,+6xy,+6y, =0 )
At =0 weget, 1,(0)=0 s Y, (0) =0
Differentiating (4) again w.r.t. x we get,
(142 )y + 2y, + 6xy, + 6y, + 6y, = 0
ic., (1+x2)y5'+8xy4+12y3=0 | ... {5)
At x =0 weget, _1;5{0) = 24 ys (0} = 24
Substituting these values in the expansion we have
3 5
=3 DU R S S S Y O
tan x*11+6 2+120 24 ~...
3.5 LT
; -1, -, X x X
Thus tan "x = x 3 t5 Ty +...

Pulting v = 1 weget tan” ' 1=1-1/3+1/5~1/7+..
ie., wit=1-1/3+1/5-.. Thus m=4(1-1/3+1/5-...)
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Note-1 : Expansion of functions
(i) tan™! _;i; ) (ii) tan_l(—*—l Ex rz] (i) tan“l[——-—-”“x; '1]
(iv} sin™! lixsz

These functions by the substitution x = tan & respectively become
() m/4+tan"'x (i) 2tan™'x (i) 1/2-tan" x (ip) 2tanty .

Hence the work executed in the Problem - 72 has to be carried out for completing the problem
in the case of functions (i) to (iv) '

Note -2 : Also in some cases we can venture to obtain a relation in Y. Y Y, andapply

Leibnitz theorem to differentiate the result n times to obtain a relation in termsof y_ ..

Yeoq+ ¥, - Byknowing y(0) and ¥, (0) we can easily obtain ¥,(0), ¥, (0),
bytaking n =0, n=1,., . -

For example in the case of y = tan™ ' x we have the relation [ Refer Problem -13 ]
(1+12)yn+2+2(n+1)xy”+1+n(n+1)y” =0
At x=0, yn+2(0)=—n(n+l)yn(0) | (D
Wehave y(0) =10, ¥;(0) =1 where y = tan™ 1 x .
Putting n =0, 1, 2, 3... in the relation (1) weget, y,(0) =0,
Y3(0) = -2y, (0) = ~2, Y (0) =-6y,(0) =0
Y5(0) = 12y, (0) = (-12)(-2) = 24 etc.

s
: sin” !y 2ox 2.4 s
73 showthat —==Co = 4 T T
V1ot t 3-8
=1
S5in_ " x

>> Let y= Sooy(0) =
Yy -
Vi-2 y =sin"lx
Differentiating w.r.t. x we get,

\h—).z-y]+

1

_1__(__2,:) =
2'«;’1—;2 Y \Jl-?
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or (lx)y-xyul ; At x =0, yl(O)—l

Differentiating w.r.t. x again we get,
(1—x2)y2—2xy1—xyl~—y=0

or (1-)y,-3xy, -y =0 ; At x=0, y5(U) =0

Applying Leibnitz theorem we have,

{(1—J:.:'!)!,.~'n+2+n-(—2,1«)1‘;”4’]+-’-'-(—1I?-l~—i—1—)(—2)yn}-—3{::_1;”_*1-#1&-yﬂ}-y,1 =0

'ie-.r (l—xz)yn+2"(2"+3)xyn+1_"Zyn+"yn_3”yn_yn""'0
e, (1-2)y,,,~(2m+3)xy,,  ~(n+1)y =0

At x=0: y . (0)=(n+1) 'y (0)

Ly (0) =4y, (0) =4 y,(0)=9-y,(0) =0 y (0) = 16-y,(0) = 64et.

We have the expansion,

I2
y(x) =y (0)+xy, (0)+357y,(0)+...

. =1 3 5
S =x- 1+£--4+3-—- 64 +. -x+ X +—x5+
1—x . 6 120

Thus =X+ r P+,

Remark : We can as well apply Leibnitz theorem after finding a relationship mvolvmg

yl so that we obtain a relationship invelving y 1

x2
>> y(x)=y(0)+xy1(0)+iy2(0)+‘..

. i '
Let =& T L oy(0)=1

b~

=easin"‘x. a Q.

or y, = (0)=a
\J'l--x‘”1 1 1-x2 Y1
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Consider V1 ~ 2 Y, = &y and by differentiating w.rt. x we get,

- 2x
R s ST

ie., (1—x2)y2 -xylzamyl:a(ay)
ie., (l—xz)yz—xyl =n2y
Applying Leibnitz theorem we have,
{(1—rz)ymzm(—2x)y,,+1+"1—%1_—_§1—)(—2}y,,} -{xy,,+1+n-1‘y,,}=azy,,
i, (1=x)y, =4y, ~ (P ead)y =0
At x=0, y,,,(0)= (2 +a)y (0)

¥(0) =2y (0) =a® ; y,(0) = (1+a° )y, (0) = (1+a%)a

Ya(0) = (4+a%)y, (0) = (4+a%)d

Ys(0) = (9+a%)y, (0) = (9+a%) (1+a)a ete.

Thus by substituting these values in the expansion of v (x) we have,

Asin 1+ax+a2§+a(l;;a2)x3+ a’(f;rx’)x4+a(9+a25)f(1+az)x5+”_

Let  y=on X Loy(e)y =1
-1
tan “x . -
» ‘ y :
= - e, Yy, = 5 Sy (0)y=1
Yi lflz 3 14x (0
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Consider (1+x%) y, = y and by applying Leibnitz theorem we have,

2 n{n-1)
(1+x )yn+1+n;2x‘yn+—1*‘—2~—-2yn_1 =Y,

ie., (1+x2)yﬂ+1+(2nx—l)yn+n(ﬂ—1)y‘n_1=0

At x=0 y,  ((O)=y (O)-n(n-1)y, _,(0)
Hence we have,

¥, (0) = y,(0)-0=1

¥3(0) =y, (0) =2y, (0) = 1-2 = -1
Y, (0) = y;(0)=6y,(0) = =16 = -7
Yo (0) = 1, (0)-12y,(0) = -7+12 =5

Substtuting these values in the expansion of y(x) we have,

-1 3 4 5

tan”  x R X x X
e 1+x ‘+2 1+6 ( l)+24( 7)+120 5...

X .
Thus € = 14x+5 -2 —2=x +5¢

Note: Maclaurin’s expansions of the functions sinx, cosx, sinhx, coshx, ¢ canbe

found easily and it is advisible to remember them. They are ac follows.

, P #oad 50
(i) sm.\'=x—~i+-§!--7!—+... (ii) cosx=1—i!—+z!--a+...
3 7 2 4 &
(iit) sinl:x::r+1;—!+§+}7-,!-+... (iv) coshx:l+%-+%+%+”.
2 3
: x x° x
(v) e’=1+ﬁ+§!-+§+m
2

>> ¢ y(x) = y(0)+xy (0)+ 51, (0)+. ..

Wehave f(x) =y= x/sinx. Herey(0) assumes 0/0 form and we know that

: X
xh-Tu Gina - 1 oy =1
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¥ also assumes 0/0 form and we have to apply L’ Hospital’s rule to find
y; (0). The process becomes highly tedious as we proceed. Hence we try to make use

of the expansion of sin x and since sinx is in the denominator we cannot carry out
any simplification. Hence we take the reciprocal of y and proceed as follows.
3 5 7
X

__x__ d i r o= ...--—+£—_E—+...
Y= Sinx WG S SRt e T
N l_sin.r__l_x_ﬁ+£_x7+
ow Y X x o5 7
o 1 2 8 S
ooy T TR T
Differentiating w.r.t. x we have,
~1 o 2
y21f1~ 3! +5! - 7! + ... ..(l}
At x=0, -y (0)=0 since y(0)=1 . y(0)=20.

Differentiating (1) w.r.t. x we have,

-1 2 -2 122 304
S5 B o

At x=0, -y, (0)+0 =-1/3 Ay, (0) =173
Differentiating (2) w.r.t. x we have,

-1 2 6 ¥ 24x  120x°
1

4
=5 Yot Wy Y+ -y = ot
2 L yjyl b P N v 5 7
, 1, .6, ., 63_x 2
fe., yz‘y3+y3y1y2 y4y‘1-5 7 ¥ _ (3
At x=0, y;(0) =0
Difterentiating (3) w.r.t. x we have, ¥, (0) =0

iy+-2~yy+%y +%y +6yy:§-y
yl4y313y33y3212y41-

6 -4 1 ¥
- ;‘i (3yf yz)—6y? ('—le =5 12t

v
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At x=0,-yA0)+6(1/9)=1/5

or  y,(0)=2/3-1/5=7/15 “ Yy (0) = 7/15

Substituting these values in the expansion of y(x) we get,

X —1+-{2-+7—"A+
sinx 6 360 "7

>>  We have Maclaurin’s series

2 X .
y(x)=y(0)+xy1(0)+5—!y2(0)+§y3(0)+ay4(0)+--- (D)

By data f(x)=y(x)=:;—r_—l ;o y(0) =20

. x x

ie., yze"-e"l se o ey =ex

We differentiate this equation successively four times and evaluate at x = 0 as follows.

gy +efy=e;1-y(0)+1-0=¢ Sy (0) =e
Ey,+20 y +e'y = 0y, (0)+2e =0 S Y (0) = -2
Cyy+3 y,+38 y 4"y = 0,1, (0)—be+3e =0 - Y3 (0) = 3e
Ey,+ad y,+6e Yy, +4y +e y = 0 SV, (0) = —4e

Thus by substituting these values in (1) we have,

3 4
j—,-:e -2+ XXl
Eag! 2 6
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Note : Ify = f(x}is of the form ex ) then y (0) becomes 0 which is indeterminate. We

0
12 %
have to use the Maclaurin’s series of € given by 1 T Y T that
x 1
¥ ( x) = = ; ( 0 ) =
+—+—+x—4+ 1+x+_xf+x3 ’
2 6 24 2 6 24
1 x ox % . , :
We consrder; =1 ratgt EZ + - - - and proceed to differentiate successively.

( Similar to the prevzous problem ).

1. Expand tanx aboutthepoint x = =/4 upto the third degree terms and hence
find tan46°

2. Show that
VX = V2 [1+(x-2)/4~(x-2)2/32+(x-2)/128.. ]

Obtain the Maclaurin’s expansion of the following functions as indicated

3. ¢% upto the fourth degree terms.

4. log (sec x +tanx ) upto the first three non vanishing terms.
5 log(1+ sirf x) upto the fourth degree terms.

6. log(1+tanx) uptos the third degree terms.

7. €' sinx upto the fifth degree terms.

) 5
8. Show that:log{x + Ve +1 Y = x-l £+L—3_ X _1._%_5 4

and hence find the value of log, 2 correct to two decimal places

9. Show thatif x = ‘-int , ¥ =sinmt then

m ( —1) m(m—1(1—9)
R s

y(x)y=mx-

: 92 2 2 42 )
10. Show that (sin™'x)? = S+ % 2t4+264 SN

JHint : Lise the 1™ derivative approach for problems 8 to 10. ]
rp
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142(x-n/4)+2 (x-1/4) +(8/3)(x-n/4)® ; 1.035
e[1- %2 + 5;—}

X+ X/6) + (x°/24)

2 - (5¢%6)

x-(x%/2)+(223/3)

X+ X2+ (/3) - (x°/30)



